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Topologically trivial and nontrivial phases of time
reversal topological insulator-definition of Z,-invariant

1) We start with a bulk Hamiltonian H (k,, k). Reinterpret
ky as time: H (k,, k, — t) is a bulk 1D Hamiltonian of an
adiabatic pump.

2) We sweep the time and track the motion of the
particles, that we associate with the Wannier centres
flow.

3) If an adiabatic change to the Hamiltonian exists that
would turn off the pump (the Wannier centres don't
move), we say that the topological insulator is in the
trivial phase(Z,=0), it no such change exists-then it’'s in

the nontrivial phase(Z>=1)



How to calculate Z, -invariant

kp >= \/Lﬁ S e™kalm > mel,2,.. N

‘wn(k:E) >= ‘ky > ®|k:ﬁ > ®‘un(kxaky)
nel 2, ....Np

X =3 e¥%|m><m

P = Zn,kx UV (k) >< Pp(kz)
X, = PXP
Wannier functions W(j,n) are eigenfunctions of Xp with

eigenvalues A(n,j) . The position of the centre of the Wannier
function can be associated with <X I'mlog(A(n, 5)) .



How to calculate Z, -invariant

X, =PXP

Xp=PXP =3, Y <¥nlka)|X|thn(ke) > [0 (ke) >< i (ks)]



How to calculate Z,-invariant
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How to calculate Z,-invariant
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How to calculate Z,-invariant
Vn(kz) >= ke > ®|un(ke) >
Xp — Zn,ﬁ,kx < Up (ke + 0k)|un(ke) > [Vn (ke + 0ky) >< 5 (ks)

(XP)N — Zm,fﬁ,kw Wmﬁ(kx)wm(kx) > < w’fz(kx)‘

Winn(ky) =< upm (k) ur(ky + (N — 1)0k) > *
* < Up(ky + (N — 1)0k)|up (ke + (N — 2)6k) > ...... < Up(ky + 0k)|up(ky) >

Eigenvalues of the Wilson loop W(ky) don’t depend on ky
W(k,) = ABCD
Wk, +0k) = DABC
ABCD xv =A%V
DABC « Dv =D x ABCD xv = ADv



How to calculate Z,-invariant

(XP)N — Zm,fﬁ,kw Wmﬁ(kx)wm(kx) > < wﬁ(kx)‘

Winn(ky) =< upm (k) |ur(ky + (N — 1)0k) > *
* < Upr(ky + (N — 1)0k)|up (ke + (N — 2)6k) > ...... < Up(ky + 0k)|upn(ky) >

Eigenvalues of the Wilson loop W(ky) don’'t depend on ky
(Xp)N(ka v(ks)) = )‘Z(ka v(kz))

Then Xp has NV * Ny eigenvalues:

Ai(j) = [Mif /N el Oty

N Imlog\i(j) = ©; +j Positions of the Wannier centres



Example, BHZ model

Heff(kx sky) — [H(()k) H*(O_k)] )

where H(K) = (k) + di(K)o;, di + idy = Aa='[sin kya + i
sin kya], d3s = —2Ba~*[2 — 55 — cos kya — cos kya], and
e(k) = C —2Da?[2 — cos kya — cos kyal.
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/- invariant in Graphen
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Changing the parameter A, of the
amiltonian it's possible to switch

between different topological
regimes
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Alternative ways to
define Z> invariant

1) We could as well calculate the number of edge

state(

2) It turns out t

Kramers pairs of edge states)

nat adiabatic deformation of the

Hamiltonian can only destroy pairs of Kramers
states, which means that the parity of the number
of edge states is also a topological number

3)Theorem: Invariant defined in such a way Is equivalent to

the one we defined



Conclusion

1) We introduced the Z, invariant for time reversal topological

insulators, which defines whether the material will exhibit

nontrivial topological behaviour or not.
2) A general procedure to calculate the invariant was shown

3) The method was tested on real system of graphene



