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Non-Abelian Berry phase and topological spin-currents

L Reminder

Non-degenerate levels

Schrédinger equation
H(8) [W4(8)) = En [Wa(6))

6= (0 ..., 6"): set of parameters
non-degenerate state |W,(0)) for any 6
@ Berry connection:
An =1 (Vn(6)|05V(6))

@ Berry phase along C:

1(C) =  Ar(6) - 00

v,(C) gauge invariant, but
W, (8)) — O W, (8)) 1 An(8) — An(8) + Bpo(6)
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L Reminder

Non-degenerate levels

@ Berry curvature:

f{ A,,(o)-doz/ B.(0)d6* - - do"
aF F

B,(0) gauge invariant
@ explicit form:

BU(6) = 2 A (9) - 9

56724 (0)

@ holds if
A (6). AP(8)] = 0

— for Abelian gauge fields, i.e. non-degenerate levels
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Occurrence of degeneracies

In physics we can not avoid degeneracies,
for example: Kramer's theorem

We have to deal with degenerate states

= non-Abelian gauge theory
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LNon-AbeIian Gauge Theory

Gauge fields in presence of degeneracies

time-dependent Schrédinger equation

H(O() 1V a(1)) = 1 [V(1)

@ m, degenerate sublevels in subspace H,
@ O(t) set of parameters, varied in time 8(0) =6; — 0(T) = 0«
@ adiabatic theorem:

By varying 8(t), subspaces do not cross each other
|W,m(0)) € H, are mapped to |V, w(T)) € Hy
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LNon-AbeIian Gauge Theory

Gauge fields in presence of degeneracies

@ |W,(t)) set of basis functions of subspace H,
choose locally  H(6(t)) |W.(t)) =0
@ unitary U(t) maps those solutions to functions |®,(t)) € H,
[®2(8)) = Uan() [W5(£)) . [®(0)) = |W,(0))
@ |®,(t)) remain normalized
= (9p]0:P2) =0 & (U 10:U)pa = (Wp|0:Va) = Aap

A(t): gauge potential, depends on geometry of subspace n
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LNon-AbeIian Gauge Theory

Gauge fields in presence of degeneracies

Gauge potential
A = (U_latu)ba
= U(t) =Pexp ¢ A(T)dT
@ arbitrary transformation R(t) € SO(m,):

(Wa(t)) —  R(t)[Wa(t))
A(t) — B:R(OR () + R(HA(R (1)
Ut) — ROURRT(Y)
= eigenvalues of mapping U : H, — H, between degenerate
sublevels are gauge invariant, i.e. potentially observable

@ m,=1: U(t) = e~'27 adds a simple phase factor
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LNon-AbeIian Gauge Theory

Gauge fields in presence of degeneracies

Generalize gauge potential A(t) to parameter space M, where
dim(M) = r:
6= (6 ....,0"

= AL = (V]gg) = (V]9 V)
@ Loop in parameter space (6; = 0y)
= mapping between degenerate sates: Wilson loop

U:’Pexp%A,de

@ non-degenerate levels (m, = 1): U — Berry phase
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LNon-AbeIian Gauge Theory

Gauge fields in presence of degeneracies

What is the curvature of A in case of existing degeneracies?
@ non-degenerate levels:

0

(n)
%0 A (6)

B (8) = = - AL (8) -

o[

@ more general definition:
By, =—[D,. D]
D, = 0, — Ay: covariant derivative (D, — R(68)D,)

= Bu’u = — [Du’, Dl/]
=—[0, —Au 0, — AJ]
= 0,4, — B Au— [Au A
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LDissipationless Quantum Spin Current at Room Temperature

Degeneracies in real insulators

@ Consider Si, Ge, GaAs, InSb
@ Top of VB: P/, levels

@ diamond structure, inversion
symmetry, rotational symmetry

= terms in Hamiltonian:
k? and (k- S)2

= effective Luttinger Hamiltonian

for h0|es de.wikipedia.org/wiki/Galliumarsenid
Ho = ” (71 + §’)’2)k2 —272(k - $)* ) = Ho(k)
2m 2

Y1/2: Luttinger parameters
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LDissipationless Quantum Spin Current at Room Temperature

Dispersion relation

1.7 h2
Ho(k) = ((rn + ’Yz)k2 — 2y (k - 5)2>
. e diagonal in helicity basis (A = k - §)

% KK @ eigenenergies

? A ‘ I—;H

. h2k2 5 h2 k2
-01 LH E k ~ 2)\2 E ma

=T (s (5-20) ) = 2E
- SO P3/2—>S::t%,:t%—>>\:i%vi%
/\ — light and heavy holes:
LH and HH band

-1 0.5 0 0.5 1

wavenumber k(nm™) 4-fold degeneracy lifted for k 7é 0

Science 05, (2003) 1348-1351.
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LDissipationless Quantum Spin Current at Room Temperature

Effect of electric field

Introduce potential V(x) = eE - x
= H=Hy+V(x)

Diagonalization of Ho(k), k = k(sin 8 cos ¢, sin @ sin ¢, cos6):
e rotate by R(k) = exp(i6S,) exp(i$Sx)

= R(k)(k - S)RT(k) = kS,

~  h?K? 5 ) ;
= H= Y1+ 572 — 27257 | + R(K)V(x)R'(k)
2m 2
@ X = 0k 3
— transformation gives V(D)
D = idx 4+ iR(k)oxR(k) = ify — A

A: pure gauge potential (Fj; = i[D;, Dj] = 0)
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LDissipationless Quantum Spin Current at Room Temperature

Pure gauge potential A

Spin 3/2-matrices

V3 =iv3 3
2 2 2
V3 1 jV3 —i 1
Se= |7 Sy=1"7 S:=| 2
x 1 V3 y j _jV3 z _1
2 2 2
V3 V3 -3
2 2 2

—2cosfdp  L(sind dp + i db)

~ ?(sin@dtp—id@) —%cos@dtp sinf deo + 7 do

sin6 dyp — i do lcosdp  2(sinf do+ i db)
L(sinf dp—idd)  2cosb dp
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LDissipationless Quantum Spin Current at Room Temperature

Approximations

Adiabatic Approximation: Neglect interband transitions
(off-block-diagonal matrix elements of A)

= A -dk =

@ existing degeneracies — A’ non-Abelian

Abelian approximation: neglect off-diagonal elements

= A = —S,cos6 d¢
= Dirac monopole at k = 0, strength eg given by S,
@ return to helicity basis

= A = RT(K)ALR(K) + i 8xRT (k) R(k)
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LDissipationless Quantum Spin Current at Room Temperature

Topological invariants

Non-trivial gauge connection A, in helicity basis
= non-vanishing curvature = field strength (monopole eg = \)

. Kk
F,'J' = I[D,‘, DJ'] = Eijk)\ﬁ

e reminder: H*" = 2% 1 V/(x) and x; = D; = i8/8k; — Ai(k)

2!17)\
@ non-trivial commutation relations

[k,', kj] =0, [X,', kj] =i 5,‘1', [X,‘,Xj] =—i F,"
= equations of motion

) fk; }
hki=eE; and X = — + Fjk;
my
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LDissipationless Quantum Spin Current at Room Temperature

Topological term in equation of motion

° X = ZTIZ + £F,E; topological term

(] F,'J' =1 [D,‘, Dj] = E/jkk%

= noncollinearity of velocity and momentum

= Lorentz force in momentum space A<0

@ real-space trajectory:
shift perpendicular to S

= spin current
perpendicular to S and E

X

Science 05, (2003) 1348-1351.
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LDissipationless Quantum Spin Current at Room Temperature

Spin current in AA

Define: electric field in z-direction, spin parallel to x-axis
= spin current in y-direction j;
@ for heavy holes:

h h Ak
xH _ : A _ X >\
ph=3 2 sk =3 > y=2mk)
A=+3/2.k A=+3/2.k
(k) : filling of holes in band X

use y = F,jkj = >‘kx £z and Sy = %
@ analogous for I|ght holes (A=43/2 - X=41/2)

5 (9E + kg) (T =0)

. . . (S
= =i =5



Non-Abelian Berry phase and topological spin-currents

LDissipationless Quantum Spin Current at Room Temperature

Non-Abelian corrections

Like in AA:
o heavy holes: jxH =037, .5 ( y2EN (k)
o y=Fyk
Effect of non-Abelian gauge connection:
Fij=i[Di.Dj] = g6 A — ot A+ [AL A

7\ ki
:>Fij = Eijk>\<2>‘2 — 2> ﬁ

correction factor of — 3 only in the LH band

= spin current

o eE,
Jy = 1072 (3k/'—j - kll—:)
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LDissipationless Quantum Spin Current at Room Temperature

Spin conductivity

Quanten Hall Effect:

@ Generalization to 4 dimensions:
electric field E, induces SU(2) spin current

jy=om, B (mv=1234 i=123)

n},,: t'Hooft tensor
o: dissipationless transport coefficient

@ restriction of E, and jﬁ’; to 3-dim. subspace:
= dissipationless response

m ijk
Ji = ose’ Ey

0s: spin conductivity
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LDissipationless Quantum Spin Current at Room Temperature

Spin conductivity: p-GaAs

7] ijk
J} = 0seU*E,

spin current including non-Abelian corrections
. eE h
Iy = ﬁ@k? — kg) = %USEZ

= expression for spin conductivity
@ determined purely by gauge curvature in momentum space
@ independent of mean free path or relaxation rates

@ finite temperature:
modification only by Fermi distribution function n*(k)

o AEHH—LH ~ 0.1 eV > 0.025eV

= effect of same order at room temperature
e for n=10¥cm™3: o5 ~ 00, for n = 10%cm=3: 05 > 0o
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L Experimental Setups

Detection of spin current

:>./))/( p-GaAs.X
®M i G+
ferromagnet
Science 05, (2003) 1348-1351.
A) Electric transport B) Polarization of light
e ferromagnet attached to +y @ quantum well structure
@ magnetization M along +x @ sandwiches by p-and n-GaAs
@ lead between +y and —y @ recombination with e~

@ measure /(+x)/1(—) @ emission of o™ polarized light
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L Experimental Setups
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