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A quadrupolar exchange-only spin qubit
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We propose a quadrupolar exchange-only spin (QUEX) qubit that is highly robust against charge
noise and nuclear spin dephasing, the dominant decoherence mechanisms in quantum dots. The
qubit consists of four electrons trapped in three quantum dots, and operates in a decoherence-
free subspace to mitigate dephasing due to nuclear spins. To reduce sensitivity to charge noise,
the qubit can be completely operated at an extended charge noise sweet spot that is first-order
insensitive to electrical fluctuations. Due to on-site exchange mediated by the Coulomb interaction,
the qubit energy splitting is electrically controllable and can amount to several GHz even in the
“off” configuration, making it compatible with conventional microwave cavities.

Introduction Electron spin qubits in semiconductor
quantum dots have recently demonstrated their capabil-
ity as components in a working quantum processor [I-
[4]. With simple quantum algorithms having now been
demonstrated, there is a strong motivation for building
a large-scale quantum computer using spin qubits due
to their long intrinsic coherence times and fast gate op-
eration times [5H8]. Spin qubits in silicon additionally
benefit from state-of-the-art industrial nanofabrication
techniques for scalability and the possibility of isotopic
enrichment to increase coherence times. While there
are many different implementations of spin qubits, the
exchange-only qubit [OHI5] is unique since it can be fully
controlled using dc gate voltage pulses. The decoherence-
free subspace encoding also makes exchange-only spin
qubits insensitive to overall (long-wavelength) magnetic
field fluctuations [9] [16], I7]. However, all experimental
demonstrations until now suffer from decoherence due to
charge noise and local (short-wavelength) magnetic field
gradient (LMFQG) noise, thus limiting the performance of
the qubit [I2HI5] [1§].

Protection against charge noise is provided by oper-
ating qubits at a so-called charge noise “sweet spot”, a
point of operation which is first-order insensitive to elec-
tric fluctuations [I8-26]. However, the energy splitting at
these sweet spots is too small to couple the qubit to con-
ventional superconducting resonators required for long-
distance entanglement protocols [22] [27H34]. Moreover,
three-spin exchange-only qubits are sensitive to LMFG
noise [26], B5H37], which can arise from fluctuating nu-
clear spins or Meissner expulsion of magnetic fields near
superconducting gates. These gradients limit spin co-
herence times and can result in leakage, i.e., the loss of
information into the non-computational subspace. Ad-
ditionally, while a single exchange-only qubit or hybrid
qubit is insensitive to fluctuations in the overall magnetic
field, an array of exchange coupled exchange-only (hy-
brid) qubits does not benefit from this protection since
each exchange-only qubit can acquire a slightly different
phase.

In this Letter, we propose a quadrupolar exchange-only
spin (QUEX) qubit that allows for universal quantum
computation with high-speed qubit operations and very

Qlww

1,2,1)
2,2,0) * (0,2,2

e (meV)

FIG. 1. (a) Illustration of a four-electron spin qubit residing
in an electrostatically defined triple quantum dot (TQD). The
four spins are coupled via inter-dot and onsite exchange in-
teraction. The center dot is occupied by two electrons, giving
rise to a large and electrostatically tunable energy splitting.
(b) TQD charge stability diagram as a function of € and €.
The optimal operating point is marked by the star.

long coherence times. The QUEX qubit is operated in
the 4 electron regime, with the 4 electrons distributed
on 3 series-coupled semiconductor quantum dots [see
Fig.[I(a)] and is encoded in the low-energy subspace with
total spin S = 0. This encoding makes the QUEX qubit
insensitive to overall (long-wavelength) magnetic fields,
first-order insensitive to LMFG noise [16], [I7, B8], and
no global phases are acquired from long-range magnetic
fields, thus there is no desynchronization problem if used
in a large-scale array. Compared to the singlet-singlet
qubit [38], the QUEX qubit offers a simplified architec-
ture requiring only three dots and two detuning param-
eters. As with the exchange-only qubit [9], single-qubit
operations in the QUEX qubit can be driven using either
dc pulses or ac modulation. Compared to the exchange-
only [0HT4] 1823, 26], [39] and the hybrid [26] [40-44]
qubit, the QUEX qubit offers an increased protection
against charge noise [43], [45] due to an extended charge
noise sweet spot. This arises from the addition of the
fourth electron which flattens the energy bands and pro-
vides a qubit energy splitting at the sweet spot which is
electrically controllable and can amount to several GHz
even in the “off” configuration, thus, making it compati-
ble with conventional superconducting resonators. Build-
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FIG. 2. (a) TQD confining potential V(x). The left and
right dots each contain one electron in the ground state (black
level). The middle dot contains two electrons, one of which
can occupy an excited valley state (grey level) Ev,c above
the ground state. The electrons are allowed to hop with val-
ley conserving (green), t;,-, and valley non-conserving (blue)
tunneling, t; .. Tunneling from the center dot to an excited
valley state (grey dashed) in the outer dots is energetically
unfavorable. (b) Energy level diagram of the center quan-
tum dot filled with two electrons for total spin S, = 0. The
lowest energy level is the spin-singlet state |scc) in the val-
ley ground state. The first excited state |sccr) + |scrc) is
a triplet-like state and occupies a valley ground and excited
state but its energy is lowered by the electrostatically tunable
onsite Coulomb-exchange coupling J..

ing on recent experiments showing that strong coupling
of semiconductor qubits [15, 6H50] to electromagnetic
resonators is feasible, we present an electrically switch-
able two-qubit interaction [34] making use of the large
and strongly tunable qubit splitting.

Qubit design A defining feature of the QUEX qubit
is its use of the valley degree of freedom in Si to achieve
an energy splitting that is compatible with conventional
superconducting cavities with 4 — 10 GHz resonance fre-
quencies. The QUEX qubit is implemented in a TQD
that contains a total of four electrons in the (1,2,1) charge
configuration [see Figs. [[] and 2[a)]. Here (N1, N¢, Ng)
denote the number of electrons confined in each of the
three dots. For later convenience we define the dipolar
detuning € = (V;, — Vg)/2 and the quadrupolar detuning
em = Vo — (Vi + Vgr)/2 [see Fig. [2| (a)].

Silicon quantum dots typically have relatively large or-
bital energies Eo,p, = 3 —5meV [51],[52]. In contrast, the
smaller valley splittings Fy ¢ = 20 — 250 ueV are com-
patible with microwave frequency photons (1 GHz ~ 4.2
peV) [61L B3]. In the QUEX qubit, the valley degree of
freedom plays a crucial role in the middle dot, as it adds a
level that can be treated as an additional fourth pseudo-
dot. An external (homogeneous) magnetic field with Zee-
man splitting Fz < Ey,c < Eq1, energetically separates
states according to S,. The QUEX qubit resides in the
two lowest energy levels in the S = S, = 0 subspace with

the two following logical spin qubit states [38], 54]

|0) = [sLr) [sce) (1)
1) = %(\Swﬁ [sor) + IsLe) [scrr))- (2)

Here, |s,,) denotes the singlet state formed by two elec-
trons in orbitals y and v with pu,v = L, C,C’, R where L
(R) reside in the left QD (right QD) and C, (C’) reside
in the lower (upper) valley in the center QD. Note that
both qubit states are constructed using only two-electron
singlet states making them resilient to LMFG.

We describe the dynamics of the QUEX qubit by the
following effective Hamiltonian

H = JO ‘0> <0| + (J1 + EV,C — Jc) |1> <1| + Jx0'+ + J;O'_,
3)

with the qubit raising and lowering operator o = |0) (1]
and o_ = 0‘1 = |1) (0|. Here, Jy and J; are real-valued
and J, complex-valued exchange couplings from vir-
tual tunneling processes to states with a (2,2,0), (2,1,1),
(1,3,0), (0,3,1), (1,1,2) and (0,2,2) charge configuration,
Evy ¢ is the valley splitting in the center QD, and J¢ is
the onsite Coulomb-exchange coupling between the elec-
trons occupying the center QD. The phase of J, depends
on the phase an electron acquires by consecutively tun-
neling from the lower to the excited valley state on the
center dot via an intermediate state on the left or right
dot (see Fig. . For later convenience, we can also write
Jup =, J; with p = 0,1,z and v = [,I',r,7" where
J ;lL (J /f) denotes exchange coupling via valley conserving
(non-conserving) tunneling of an electron from the center
QD to the left QD and similarly for J; (Jf‘) to the right
QD. The qubit splitting for |J,| < |Ev,c — Jc| is given
by

| . |?
(Ji+Eve—Jc—Jo)
(4)

The explicit expressions for the exchange parameters and
a detailed derivation of the effective Hamiltonian
can be found in [Al

Initialization and Readout Figures[3[(a)-(b) illustrate
the initialization protocol. To prepare the system in state
linit) = |srr) |srr) the detuning parameter ep; is set
such that the (2,0,2) charge configuration is the ground
state [Fig. 3| (a)]. Due to the large single dot exchange
splittings, the two electron ground state in the left and
right dots is a singlet [55] and can be prepared with high
fidelity [56]. Adiabatic tuning of ) into a configura-
tion where the (1,2,1) charge configuration is the ground
state [Fig. 3(b)] maps |init) — |1) through spin conserv-
ing tunneling events. Readout is performed in reverse,
i.e., by detecting the tunneling of the electrons from the
center dot to the left and right dots. Tunneling of |1)
to the (2,0,2) ground state is allowed, but tunneling of
|0) to the (2,0,2) ground state is Pauli blocked, similar

wq%(J1+Ev,c—Jc—Jo)+2
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FIG. 3. Protocol for initializing the QUEX qubit: First the
(2,0,2) charge configuration regime (a) is prepared by load-
ing the left and right QD with two electrons in the spin-up
and spin-down state of the lowest valley. (b) Adiabatic tun-
ing from the (2,0,2) to the (1,2,1) charge state directly maps
linit) — |1). Readout is performed by reversing the initializa-
tion sequence, as described in the main text.

to singlet-triplet readout in double dots [55]. Charge de-
tection therefore provides a fast and high fidelity readout
scheme.

Decoherence properties The Si/SiO, and Si/SiGe sys-
tems appear to be most favorable for the experimen-
tal realization of the QUEX qubit due to their large,
and somewhat tunable, valley splitting. Since the four
spin encoding of the QUEX is resilient to fluctuating
LMFG noise [38] an implementation in natural silicon
is still possible without significantly decreasing the deco-
herence time. The QUEX qubit possesses a full charge
noise sweet spot where the qubit is first order insen-
sitive to charge fluctuations in both detuning param-
eters e, [see Figs. [4] (a)-(b)]. From the condition
O:wq = 0z, wy = 0 and assuming |t;| = ¢}, [t.| = |t]],
and symmetric charging energies, we find a double sweet
spot at ¢ = 0 and epy = (J. — Ev,¢)/2 — Ec. Impor-
tantly, the sweet spot of the QUEX qubit is very flat
compared to the conventional exchange-only qubit, i.e.,
reduced by 1 — k(Ev — J¢)/Echarge With the zero-bias
splitting Fy — Jo and k > 1, therefore protecting it sig-
nificantly better against charge noise. Numerical simula-
tions shown in Fig. [4] (c) predictdephasing times on the
scale of several hundreds of microseconds using realistic
parameters, one order of magnitude larger than predic-
tions for the conventional exchange-only qubit [22] [26].
A full study for the general case t; # t] and t,. # t. yields
qualitatively similar results (see Sec.

Single-qubit operations Arbitrary single-qubit gates
can be implemented by pulsing the exchange interac-
tions, J). Assuming valley-orbit conserving and non-
conserving tunneling to be equal (¢, = t; and ¢, = t]),
the Hamiltonian can be rewritten as

1
H, :g(QJ(lJ —3JL +2J5 —3J] +8Ey.c —8Jc)o.
1V3
ST+ T =T — T, 5
+ 4\/§( 0T J1 0 1) (5)
Here, we introduced the Pauli operators o, = |0) (0] —

1) (1] and 0, = o4 + o_. Therefore, pulsing J. =
Jy results in pure (and fast) z-rotations while pulses
with J. # JI yield rotations around a tilted axis [57].

FIG. 4.

(a) Qubit splitting w as a function of the (a) dipo-
lar detuning ¢ and (b) quadrupolar detuning ej;. The stars
in (a) and (b) mark the sweet spots where dw,/0e = 0 and
Owq/den = 0. For comparison the energy gap wgo of the con-
ventional exchange-only qubit (gray lines) is added with iden-
tical parameter settings that show steeper derivatives, thus,

higher susceptibility to charge noise. (c¢) Qubit dephasing
time T}, as a function of € and ey for (c) ¢; = ¢, using real-
istic parameters (see appendix). The simulation shows that
T, > 100 us if the qubit is operated at the charge noise sweet
spot. (d) Schematic of the microwave resonator mediated
two-qubit coupling. A cavity with resonance frequency wres
is coupled to the center dot with an effective charge-cavity
coupling rate g.;. Each qubit is simultaneously driven at a
frequency wp ;.

Experimentally, the exchange interaction can either be
controlled through detuning [55] or tunnel barrier con-
trol [I8| 24] 25] 58]. Barrier control has the advantage
that it operates the qubit at the charge noise sweet spot,
thus, mitigating decoherence from charge noise during
the exchange pulse. This statement, however, is only
valid for ¢; ~ t; and t, = t] since otherwise the po-
sition of the sweet spot depends on the tunneling and
moves during the qubit operation. In the latter case, one
can combine barrier control with tilting control to com-
pensate for the shift of the sweet spot. Similar pulsing
schemes are commonly implemented to cancel crosstalk
between electrostatic gates [59].

A more natural way of implementing single-qubit ro-
tations in the QUEX qubit is to modulate the exchange
coupling, J; — J}/ + j, cos (wp + ¢) analogous to the
resonant exchange (RX) qubit [I2, 19, 26]. In a frame
rotating with the drive frequency wp, and neglecting fast
oscillations at 2wp, the Hamiltonian can be writ-



ten in its eigenbasis as

1 le i —i
Hy = 5(wg —wp)o= + = (€ [1) (0] + e~ [0) (1) -

(6)

Here, the phase ¢ can be used to adjust the
qubit rotation axis. Experimentally, this can real-
ized by parametric modulation of either the detun-
ing parameters, ¢,ep;, or the tunneling couplings,
tir and ;.. The time for a Rabi flip is b
Aq < o [Jo0(J1 = Jo)/0q — (J1 — Jo)0J:/Oq] [ (2wg),
where A, denotes the amplitude of the driving of the pa-
rameter g € {e,enr, b1, 1), }. Using realistic parameters
we find A.,, ~ 0.13 eV, thus, 7, = 30ns while driv-
ing at the charge noise double sweet spot (see Sec. .
Modulation of the tunnel barrier has the additional ben-
efit of providing a dynamic sweet spot, where the Rabi
drive is first-order insensitive to fluctuations in detuning,
dJL/0q = 0. Recent experiments show that charge noise
affecting the Rabi frequency significantly reduces the
number of coherent exchange oscillations [I§]. Thanks
to the naturally large energy splitting of the qubit w,
counter-rotating terms are small and off-resonant tran-
sitions are strongly suppressed, making strong driving
feasible.

Two-qubit interaction Exchange-only qubits are lim-
ited to short-ranged, exchange-based operations requir-
ing complex pulse sequences [9, [16, 177, 60, 6I]. The
QUEX qubit, with its large and tunable energy split-
ting, enables near-resonant coupling to high frequency
resonators giving rise to new entanglement generation
protocols [62]. We now describe a resonantly-driven,
cavity-mediated two-qubit entanglement protocol [28] [31],
32, 341, [63].

For this setup a superconducting cavity with resonance
frequency wies is capacitively coupled to the electrostatic
potential Vi at the center QD while Vi of each qubit is
simultaneously modulated with frequency wp ~ w, and
phase ¢ [see Fig. 4 (d)]. Thus, Vo — Ve(t) = V8 +
VA cos(wp + ¢) + gc(a+al). Here al (a) creates (annihi-
lates) a cavity photon with frequency wyes, and g. o< VZ
is the charge-photon coupling strength and Z is the char-
acteristic impedance of the resonator [15] 48], 50, [64]. The
effect of Vo (t) on each qubit is described by the Hamil-
tonian (see Sec. |Gl

Hine = wresala + go.(a+ aT) + Qcos(wp + ¢)ox, (7)

where the second term describes the qubit-cavity inter-
action with coupling strength g = g¢. (0] 9y, H,(Ve) |1)
and the last term induces a spin-flip with Rabi frequency
Q = VA(0|dv.H,(Vc)|1). Following the protocol de-
scribed in Ref. [34], Hamiltonian (7)) generates “red” and
“blue” sideband transitions for the particular choice of
Q= £ (wres — wp) and wp = wy

H+(g,0) = % (e*?alor +eF%a0y). (8)

4

An entangling controlled-Z (CZ) gate is constructed us-
ing pulses of “red” and “blue” sideband transition gates
S+(¢,7) = exp[—itH=(g, )] combined with single-qubit
rotations [34]. Using experimentally feasible parame-
ter settings, a CZ gate is possible within 7 ~ 340ns
(see appendix). For this implementation it is essen-
tial to be able to tune the qubit near resonance to ful-
fill Q = £(wres — wp) while simultaneously matching
wp = wy, therefore, requiring a large and controllable
qubit splitting. Alternative two-qubit coupling schemes
include exchange-based interaction [60} [61] and capacita-
tive coupling [41] [65].

Discussion In summary, we have proposed a
quadrupolar exchange (QUEX) spin qubit that uses the
spin of four electrons in a TQD and gives rise to a
large controllable qubit splitting. Since the large energy
gap suppresses the susceptibility to charge noise and the
qubit can be fully operated at a charge noise sweet spot
we predict dephasing times exceeding ~ 100 us allowing
for a high quality qubit implementation. A symmetric
readout and initialization protocol can be used to per-
form fast and high fidelity measurements. Together with
the proposed cavity-mediated, long-distance entangling
protocol, these properties render the QUEX qubit suit-
able for implementation in a large-scale quantum infor-
mation processing architecture.
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Appendix A: Derivation of the effective Hamiltonian for the quadrupolar exchange-only qubit

In this section we present a derivation of the effective Hamiltonian which describes the setup discussed in the main
text consisting of three linearly arranged quantum dots (QDs). The dots are occupied with a total of four electrons
and are electrostatically tuned such that the (1,2,1) charge configuration is energetically favorable. Here, (I,m,n)
denotes the charge configuration with [ electrons in the left, m electrons in the center, and n electrons in the right
dot. For our theoretical model we use an extended Hubbard model (¢t — J model) [66], p. 25] which includes intra-dot
and inter-dot charging energies, the direct Coulomb exchange interaction between two electrons occupying the same
dot with different valley-orbit quantum numbers, and a valley-orbit non-conserving tunneling between the dots (see

section .

Our proposed system is described by the following Hamiltonian
H = Hy+ Hen + Hyun (Al)

where Hj contains the quantum dot orbital energies €;, and the chemical potentials V;, Hy, the intra-dot (internal)
charging energies Ciq i3, Kia,ip and the inter-dot (external) charging energies Cin jg, Kia,jp With ¢ # j, and Hiyy, the
tunneling matrix elements ¢4 ;3,

Ho =Y (€ + Vi) (Miat + Nia 1), (A2)
[
Hau=» Y " (Ciadﬁcza,ac;rﬂ,a'Cjﬁﬁ'ciaﬂ + Kz‘a,w(saa'Cfa,aC}g,gfCm,ocyﬂ,a') ; (A3)

.y o,B 0,0

Hyyn = Z Z Z ti(x,jﬁaaa’cgmgciﬁ,a’ . (A4)

i#j a,B oo’

Here, the indices i,7 = L, C, R refer to the QD, the indices «, 3 = vy, v1 to the valley-orbit, and o,0’ =7, | label the
electron spin. In this notation, ni,,. = c;-ra,gcm’g is the number operator and Cza,a (Cia,o) creates (annihilates) an
electron in QD i (i=L,C,R) occupying orbital « (aw = 1,2) with spin ¢ (o =1,]). V; is the dot potential affected by the
electrostatic gates V;, Ev; = €y, — €iv, is the valley-orbital splitting, C;,.ig and K;q ;3 denote the onsite (internal)
Coulomb and Coulomb-exchange energies of two electrons occupying the same dot, and Cj, s and K, jg with
i # j describe the Coulomb and Coulomb-exchange interaction between electrons occupying different dots. These
parameters, Ciq 3, Kia,jg, and t; ;s are given by computing the corresponding single- and two-particle matrix
elements of the electronic wavefunctions (see subsection or are experimentally accessed by fitting the parameters
to transport or cavity measurements [59, [67]. Note, that the above Hamiltonian directly enforces spin-conserving
tunneling and Coulomb interaction through the Kronecker delta é,,/. This is justified by the relatively small spin-
orbit interaction in silicon. Restricting ourselves to the situation where the (1,2,1) charge configuration is energetically
favorable and considering large orbital spacings for the left and right dot, i.e. strong confinement of the electrons,
we find that the excited valley-orbital levels in the outer two QDs are frozen out. Assuming symmetric confinement
potentials and small dot sizes (charge distribution in different orbitals is small compared to the electron-electron
repulsion), we find U; = Cja,ip = Ciarigr, Ui j = Cia jg = Ciar jp for a, o, 8, 8" = vg,v1, and Jo = Kiyg iv; = K3, v
while K4 ;o = 0. To introduce the same notation as used in the main paper, we now omit the orbital index if o = vy
and use Q' if @ = v for Q = L, C, R. Hence, there are four relevant tunneling amplitudes in the regime of our interest

ti=trc+Krce=to + Ko, (A5)
t; =tr.c + Ko = té/,L + KE”,L’ (AG)
tr =tcr+ Ker =tpo+ Kic, (A7)
t, =terr+ Ko p =th o+ Ki oo, (A8)

where #; () and t;,(r) describe valley-orbit conserving and non-conserving tunneling between the left (right) QD and
the center QD renormalized by the Coulomb-exchange interaction. In a linear array the tunneling matrix element
tis=trr+Kr r=1ts +K% = 0between the left and right dot is small and neglected for all analytical calculations
in this supplement. ’ )

For later convenience, we also define the dipolar-detuning, ¢ = (V;, — Vg)/2, and the quadrupolar detuning,
em = Vo — (Vi + Vg)/2. An applied magnetic field sets the quantization axis (z) of the qubit and allows for a
separate analysis of each subspace spanned by the states with total spin S = |S| = |> uS u| and S.. Note, that the
z-projection of the spin is given by the direction of the magnetic field and not by the geometric coordinate system
x,y, z of the quantum dot system.



The quadrupolar exchange-only spin qubit is implemented in the (1,2,1) charge configuration using the logical spin
qubit states [38], [54]

|0) =|sLr) |scc)

1

_ RPN BN (RO SN S |

2 (CLvo,chvo,TCCvo,ﬁRvo,L B CLvo,¢CCvo,TCCUO,¢CRvo,T) [vac) (A9)
1

1) ZE(\SLCO |scr) + |sLe) |scr))
| R S S ottt
33 (CLvo,TCCvo,TCCm,LCRvo,i T €L, 1CCw, L €Cor 1CRuo, |
tot ot tot ot
= 2€1,09,1CC00,4 CCv1 1 CRuo, 1 T 2€Lug, L CC00,1CC01 1€ Rug L

T T T T T T T T
+ CLUO,J,CCUO,TCCvl,J,CRUO,T + CL1)0,J,CC1;O,¢CC1)1,Tcho,T) |VaC> (A]'O)

both residing in the S = 0 subspace of the four electron system and forming a decoherence-free subspace (DFS)
qubit [9, 54]. Here, |vac) denotes the vacuum state, [s.) = (|1), 1), — 4, 11),)v/2 denotes the spin singlet state
between electrons in orbitals y and v with p,v = L,C,C’, R where L (R) reside in the left (right) dot and C, (C")
reside in the lower (upper) orbital in the center dot. There are two additional (leakage) states with the same total
spin and charge configuration

07) = |sLr) Iscer) (A11)
07) = |sLr) |scror) (A12)

occupying excited valley-orbit levels in the center dot. There are no direct hopping matrix elements between the states
|0), [1), |0T), and [0T) and their Hamiltonian is given in the basis {|0),[1),|0%), |07 ")} by the diagonal matrix

H, 54y = diag(0, Ev,c — Je, Ev.c,2Ev.c). (A13)

However, coherent tunneling of the electrons couples states with (1,2,1) charge configuration to states with different
charge occupations, i.e, states with (2,2,0), (2,1,1), (1,3,0), (0,3,1), (1,1,2) and (0,2,2) charge configuration, each
energetically separated at least by the non-local nearest neighbor Coulomb repulsion U;;. Considering only the lowest
energy states within these charge configurations, we have to take the following 10 states with their respective energy
into consideration;

[(2,1,1)1) = |sLL) |scr) , with Ey =€ —ep + Uy — Uz + Uz 3, (A14)

1(2,1,1)2) = |spr) |sc'r), withEs = ¢ —ep + Uy —Us + U3 + Ev o, (A15)

[(1,1,2)1) = |spc) |SrR) , with Eg = — —epnr + Uz — Us + Un 2, (A16)

1(1,1,2)2) = |spcr) |srr) , WithEr = —e —ep +Us — Uz + U2 + Ev o, (A17)

|(173,0)1> = |3LC’> |Scc> ,WithEg =e+epy +2Us = U2 +Us s + Eyv,c — Jo, (A18)

[(1,3,0)2) = |src) |scror) , with Eg = € + ep + 2Us — Uio+2Uz3+2Ey,c — Jo (A19)

1(0,3,1)1) = |scc) |scrr) , With Eyg = ey —e+2Us +2U1 2 — Us s+ Evie — Jo (A20)

1(0,3,1)2) = |scr) |scrc), with By = ey — e +2Us +2U1 2 — Uz 3 +2Ey ¢ — Jo (A21)

[(2,2,0)) = |sLL) |scer), with Big =26 + Uy —2Ur 2+ Us 3+ Ev.c + Jo (A22)

[(0,2,2)) = |sccr) |SrR) , with Eig = —2e + Us + 2U1 2 — Us 3 + Ev.c + Jo, (A23)

In the remainder of the derivation of the effective Hamiltonian we neglect the influence of [(2,2,0)) and [(0,2,2))
since they only contribute terms of the order ~ tlzy( L)tfﬂ( R) [26]. However, we take these terms into consideration for

numerical calculations.

The effective low-energy subspace in the (1,2,1) charge regime can be approximated via a Schrieffer-Wolff transfor-
mation in the limit t; ., ¢ r < |U; — U; j £ € £ ep|. The resulting effective Hamiltonian in the (1,2,1) subspace with
S =S5, =0 is given as follows

Jo,0 Jo.1 Jo2 0
Ji1 Jii+ Eve —Jo J1,2 J1,3
He — 0,1 ) ) ) b . A24
i Jo2 J1,2 J22 + Eve J2.3 (A24)

0 Jf,3 J2*,3 Js3+ 2By ¢



For the relevant exchange couplings we find the following analytic expressions

I L e e A
Jnog=— = | = L2 rt A25
0,0 4<E4 * Es +E10+ Eg )’ ( :
Joi = 1/3 <t7t; 't tt) e
’ 4V8\Ey FEs+Jc—Eye Ei Ep+Joc—Eyce
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o or _ T _r _ T , (A26)
Es FE¢+Jc—Evec Es Es+Joc—Eyc
PO Y i i
' 8\Es+Joc—FEyc FEot+Joc—FEve FEsi+Joc—FEve FEu+Jec—FEyvce
t’l“ 2 t’r‘ 2 t/ 2 t, 2
L] 1) 1 ),
Er+Joc—FEve Es+Joc—FEve FEs+Joc—Eve E9+Jo—Evc

while for the higher excitation couplings we refer to Section We note, that J; ; = Jz-lyj + Jil:j +Ji;+ i ;-, where

Jg j |ty are real parameters and describe a Heisenberg-type exchange interaction between states occupying the
same valley, while J; ; = jl,(m‘) + jr,(zyj)’ where jp7(i,j) o tyty with p = [,7 and p’ = I',7" are complex parameters
and describe valley-orbit non-conserving exchange. Since the degeneracy of the (1,2,1) charge states is lifted due
to the valley-orbit splitting Eyv ¢ and the intra-dot direct Coulomb exchange J., we use a second Schrieffer-Wolff
transformation assuming J; ; < ||Ev.c — J.| — Ev,¢| to find the dynamics in the qubit subspace {|1),|0)}. Defining

Jo =Jyo + M (A28)
w0 Joo — Jo2
|J1 2% | T35/
Jy =g+ : ’ A29
! b Jii—Jea  Jig—J33 ( )
= Jo2J12(Joo + Ji1 — 2Jo2)
Jp =Jy 1+ —=—= . 2 . A30
1T 200 — Jog)(Jia — Jaz) (430
we find for the qubit Hamiltonian the same expressions as used in the main text,
Hy=Jo|0) (0| + (J1 + Ev,c — Jo) 1) (1] + Jz |11) (0] + J; |0) (1] (A31)
with the qubit splitting
w:\/(J +FEve—Joc—J)+ |~ (Ji+Evec—Jc—Jy)+ |l (A32)
q 1 v, 0 P 1 Vv, 0 3+ By —Jo—Jo)

We note that J, couples the two logical qubit states |0) and |1) and is tunable through electrical control of the tunnel
barrier or the detuning parameters. Moreover, J; ~ Ey ¢ — Jo > J; is dominated by the valley-orbit splitting and
Coulomb exchange, therefore “always-on”, giving rise to a large zero-bias splitting.

Appendix B: Molecular orbital analysis

In this section we support our analysis using a full Hund-Mullikan orbital calculation. Following Ref. [33], [68], the
triple quantum dot is modeled by a potential of the form

2 ; 4 —3)z3
Dot féalzcl(c‘ffﬁclfS)er—fo(clfl)zQ r<0

2 3a
V(z,y) = > o 23 (B1)
Moo | Late (¢f — 60— 8) + & — 2T 4 (0 4 1)a?| 2> 0

which separates into three harmonic wells of frequency hwgo;s = Eorb (see Fig. . Here, a; () is the distance between
the left (right) and the center quantum dot and the parameter |c; ()| < 1 phenomenologically describes the slope in
energy between the left (right) dot and center dot. The ¢;, are related to the detuning parameters by

6(e —¢

o= -S—em) (B2)
Armyey

¢ = _G(L‘EM). (B3)

2 2
AW o
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FIG. 5. Modeling of the triple quantum dot in the 2DEG using the harmonic square wells of Eq. (B1)). The z-axis is aligned
along the triple dot axis, the y-axis is perpendicular in the 2DEG plane, and the z-axis is perpendicular to the plane. The
following parameters have been chosen: a; = a, = 41.2nm, ¢; = ¢, = 0, and Fop = 6 meV.

In this model, the height of the tunnel barrier h;, is given by the inter-dot distance h;, oc az,,.

In the effective mass (EM) approximation the orbital ground state electron wavefunctions of a multi-valley system
with valley & = z, Z residing in quantum dot ¢ = [, ¢, 7 is given by [69H75]

X5 (2,9, 2) = @5, (2, y) X U(2) X ug(x,y, 2) x e
iaqy (zfaq)2+y2 2
e 2ZQB e 233 e—ﬁ

X x 1 x etkez, B4
NI Vamiiva e (B4

Note, that setting u¢(x,y,2z) = const does not affect our results since all relevant energies vary slowly with respect
to the lattice site, therefore, all matrix elements are averaged over several periods of the Bloch function. Here, the
first factor describes the orbital confinement in the xy-plane at z-positions a;,a. = 0, a, with quantum dot radius
R, = h/y/mEom,q < ai,ar, and the magnetic length Ip = \/h/eB. The remaining factors describe the confinement
along z-direction in a quantum well with length d < R, with z-valley position k¢ = ko in k-space. The electronic
quantum dot wavefunction of a multi-valley system in the first excited orbital state can similarly be approximated

by [69, [70, [74-80)].

X5 (2, y,2) = B (2, y) X W(2) X ug(x,y,z) x ¢
iagy _ (@—aq)?+4y? 2
QEQJ;Q 2R2 e—;?

~

~ [(m - aq) + iy] ﬁRg X \/57_(_1/4\/g

x 1 x ethe?, (B5)

In realistic devices, however, miscuts, atomistic steps at the interface, or other effects couple the valley and orbital
degrees of freedom. In general, the valley-orbit coupling can be described in the basis of each dot {x}*, x7°, Xi¥, x;”

by [75}, [77, [8T]

0 AVOs,q AOz,q AVs,q

1 3 0 Vv AOZ
HVO _ VOs,q D,q sq —_ HO 4 Hl (BG)
»q * * VO, VO,q’
2 AOz,q Vp,q 2Eorb,q AVOp,q q q
* * *
AVs,q OZz,q VOp,q 2E01"b7q

where H{),qu contains only the diagonal elements and H\I,O,q only off-diagonal elements. Here, Avos (Avop) is the
intra-orbit inter-valley coupling of the ground (excited) state, Ap ¢ denotes the inter-orbit intra-valley coupling of the
& = z,Z valley, and Ay, (Ayp) describes the inter-orbit inter-valley coupling between the orbital ground (excited)
states. The eigenstates of the Hamiltonian are calculated in two steps. First, a SW transformation is applied to



block-diagonalize ﬁVO,q = eSHVO!qe_S with [Avs, Avp, Aoz, Aoz| € Eobq- Thus, we obtain (up to a energy shift)

—2E.4 Avosg 0 0
~ 1] A% 20, 0 0
HVO7q ~ 5 VOs,q »q & , (B?)
0 0 Q(Eozja,q —Epq) VOp,q
0 0 A@op,q 2(Eorb,q + Epq)

in the basis of the valley-orbit mixed states |<p§1°> =e 5 |X§O> with 0o = s,p and £ = z,z. The anti-hermitian matrix
S is set by the SW condition [S, H{J,qu] = —H\l,oﬂ. Note, that in general the mixing between s- and p-orbitals is
different for z and z valley which we will find useful below. The complex valley-orbit coupling of the ground state
Zvos,q = |Zvos7q|ei¢3 now defines the valley-splitting hy , = |£vos7q| and the phase of the valley pseudo-spin ¢g
(similarly for the p-orbitals). The orbital splittings Es 4, Ep 4 < |£Vos,q|7 |£V0p,q| are neglected in the remainder of
the supplement.

In a second step, we diagonalize the s-orbital 2 x 2-block using the basis transformation \<pgs> — (|gp§5> F

e'%a gogs>) /+/2 and similarly for the p-orbitals. The electron wavefunctions are then given by

|p0%) =(e™ [xZ*) — e"®ae™% [x%)) / V2, (B8)
log”) =(e™% IxZ") + e xZ%)/V2, (B9)
|9P) =(e7F [XZP) — e'Prae™ [x2P))/V2, (B10)
logP) =(e7% [XZP) + e'Prae™ [x2P)) V2, (B11)

(B12)

with ¢p , = arg(&vop q) being the valley pseudo—spin phase of the p-orbital. The set of wavefunctions introduced

above ¢ {(pl , 098, 08 ,(pl 5 pls ple ,(pl P oo 0P ,(pl Poolp plP3T however, is unsuitable for further calculations
due to ﬁmte overlaps

5 = /d3w?*(r)wf(r) # 8ij0as- (B13)

Enforcmg the orthonormalization conditions ylelds a new set of wavefunctions

= (D05, @05 305 &) L dLs O B 3% &P &P ®1P}T that is uniquely given by

® =312 (B14)

for sufficiently small overlaps . \Ef‘;jﬁ | < 255 P| = 1. There are different ways to determine the matrix $~1/2,
e.g., using the maximally localized Wannier orbltals [82], by a Gram-Schmidt orthonormalization procedure [83], and
by symmetric singular value decomposition [84]. Here, we used the method of symmetric singular value decomposition
which maintains the symmetry of the wavefunctions and imposed the least deformation relative to the original wave-
functions in the least-squares sense. Note that for large inter-dot distances ® — ¢, thus, both sets of wavefunctions
are identical.

With this toolbox of orthonormalized wavefunctions we can now calculate the matrix elements of the Hamilto-

nian (A2))-(A4]) in the basis given by Eqgs. (A9)-(A12) and Eqgs. (A14)-(A23)

tia,jB = / Erdf (r) [K(r) + V()] @ (r), (B15)
i iB = 3 3py®2* ()OO _Yo B (rg)®% (1

Cungo = [ s [ o (r)8] (ra) @ (o) 00 ), (B16)

Km,jﬁ:/d?’rl/d?’m@g*(m)@f( )ﬁ O (11) D (). (B17)

Here, K = (—ihV — eA)?/2m contains the kinetic terms in the presence of a magnetic field B = V x A using the

symmetric gauge A = B(—y,2,0)T/2, and V is the potentlal given in Eq. . To compute the Coulomb integrals

Eqgs. - we approximated & UOT P~ N )2+( = in the 2D limit d <« R. These integrals can be
1=z T1—T2 Y1—Y2

evaluated analytically but yield rather unwieldy expressions (not shown here).
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FIG. 6. Absolute value of the valley-conserving ¢; (red) and the valley-non-conserving ¢; (blue) tunnel matrix element between
the left and the center dot. At the dip of the blue and red curve the tunneling amplitude is reduced by interference effects.
For the simulation the following parameter settings are used; the quantum dot radius R = 8.17nm (corresponds to an orbital
energy of Eo1, &~ 6meV), the magnetic length [p = 55nm (corresponds to a magnetic field B & 210mT), the two-electron
charging energy Fcharge = 3meV, the valley phases ¢ = 0.47 and ¢y = —0.4m, and valley-orbit parameters [see Eq. ]
Avsqg=Avpq=02meV and Ao q = Aoz,q = 0.3meV. Note, that in our simulation the tunnel barrier is set by a; and does
not precisely match the inter-dot distance in experimental setups.

Appendix C: Achievability of the condition ¢, = t; and ¢, = t.

As discussed in the main text, the decoherence properties are best under the condition |¢;| = |¢j| and |¢.| = |¢..]
since in this case the qubit is also robust against charge noise during the pulse sequences (dynamic sweet spot). Here
we show that this condition is realizable in experiments.

There are two main effects which lead to finite transition amplitudes between a valley ground state and a valley
excited state necessary for a finite ¢] .. The first effect is valley-orbit mixing resulting from imperfect interfaces in the
heterostructure. This effect mixes the valley and orbital levels and gives rise to a finite overlap between the electronic
wavefunctions. The mixing degree is usually very small, and only a few percent are predicted [77]. Considering
only this effect yields only very small valley non-conserving tunneling amplitudes [¢}| < |t;| and |t,.| < |t.|. The
second effect arises from local differences in the orientation of the z-valleys due to atomistic steps in the interface.
The atomistic interface steps locally change the orientation of the valley pseudo-spin giving rise to a phase difference
between valley pseudo-spin of electrons at different lateral position [75]. As a result, the valley pseudo-spins in the
different quantum dots can have completely different phase factors ¢y with ¢ = [, ¢,r. Setting ¢¢ = 0, atomistic steps
give rise to [t;| ~ |t] tan(¢y/2)| and [t,| ~ |t tan(¢Y/2)| which yields identical tunnel couplings for ¢} = ¢¥ = /2.
The phases ¢} and ¢? are mostly set by the geometry of the interface [53]. Tuning can be achieved by changing the
position of the electron wavefunctions either by moving the quantum wells by the electrostatic gates or by adjusting
the tunnel-barriers. [69] [75]. Refs. [85H87] also show that external magnetic and electric fields provide control over the
valley splitting. However, this only weakly affects the phase of the pseudo-spin. A second control mechanism relies
on the valley-orbit mixing making use of the fact that the tunneling matrix element between the dots depends on the
orbital level. This leads to a difference in the spatial dependence of the tunneling amplitude as seen in Fig. [f] Here,
[t]] < |t;] and |t,.| < [t,] is possible even for ¢} # ¢V.

Appendix D: Electric dipole moment

With the orthonormalized wavefunctions (B14]) we can also calculate the interaction between the qubit and the
electromagnetic field. The interaction Hamiltonian in the dipole approximation reads [22]

Hgp = cE(&) - & (D1)
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FIG. 7. Transition matrix element e zg1 = (0| Z|1) of the position operator as a function of detuning parameters for (a) a
constant electric field E(&) = E||é; and (b) for the electric field E(&) = E sign(#)||é,. For the simulation the same parameters
are used as in the main text; t; = ¢, = 25 ueV and || = |¢.] = 20 ueV and arg(t;) = arg(t;.) = —m/2 which corresponds to the
interdot distance a; = a, = 41.2nm in Fig. [

where E(&) is the position dependent electric field. Following Ref. [33] the dipole transitions are described by the

matrix elements of the position operator
(i: = ZZZ:BimJ-BcLchB’U. (D2)
nj a,B o

Analogously to Eq. (B15|), we find
Biass = / @3 () (1) B0 (r). (D3)

Fig.[7 (a) shows the resulting dipole interaction
exor = e (0|2 |1) (D4)

between the two qubit states considering a constant electric field aligned in z-direction E(&) = E||é,. This corresponds
to an architecture where the qubit is connected via the gate V7, to the cavity. In Fig. El (b) the results are shown if the
qubit is connected via the plunger gate V. In our model this corresponds to E(&) = F sign(%)||é, with sign(z) = Tl
As expected, there is a small dipole [Fig. [7] (a)] and quadrupole [Fig.[7] (b)] moment near the location of the double
sweet spot, therefore, protecting the qubit against charge noise. Note, that the dipole and quadrupole moment do
not completely vanish due to the choice [¢;| > [¢]| and [¢.] > [¢]].

Appendix E: Qubit decoherence for t; # t; and t, # t,

In this section we show that the extended sweet spot described in the main text still exist in the general case t; #
and t, # t.. Evidence for the existence of the charge noise double sweet spot is given in Fig. [8] (b) which shows a
dephasing time 7}, on the same order as for the location of the double sweet spot defined in the main text for the case
t; =t and t, = ¢, in Fig. [§] (a). While this does not proof the existence of a double sweet spot, it does show that
one can find working points that are equally protected as in the case ¢; = t] and t, = t/.. The exact location of these
sweet spots, however, depends on the tunneling couplings, ¢, ¢}, t,, and t. and is given by the conditions

ety = 0, (E1)

Oz, wq = 0. (E2)

EM
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FIG. 8. Qubit dephasing time T, as a function of € and en for (a) ¢; = ¢; and (b) t; > ;. We used the following parameter
settings in (a); t; = t; = 25peV, t, =t,. = 15ueV, U; = U = 3meV, U, ; = Uc = 1meV, Jo = 100 peV, and Ev,c = 150 peV.
And in (b) we used the parameter settings; t; = 22ueV, t; = 11pueV, t. = 15ueV, t. = 7.5ueV, U; = U = 3meV,
Uij =Uc = 1meV, Jo = 100 peV, and Ev,c = 150 peV. The simulations indicate the presence of a charge noise double sweet
spot with T, > 100 us for both parameter settings.

These equation cannot be solved analytically in the general case, but we found numerical solutions in the (1,2,1)
charge configurations regime for a large set of parameters.

Appendix F: Single qubit operations

In this section we estimate the single-qubit operation time of the QUEX qubit under the effect of periodic driving
Ve (t) = VE+ VA cos (wp + ¢) of the center gate voltage Vi ~ e)y. Using Eqs. and (B3)) one can calculate directly
the resulting matrix element between the qubit states from the modulation via Eqgs. (B15) and . Assuming the
inter-dot distance a; = 41.2nm, a driving voltage Vé = 1.2mV, a lever arm a = 0.1 meV/mV [59], and € = 0 and
em = —25 peV (corresponding to the charge noise double sweet spot), we find the Rabi frequency A.,, ~ 0.13 ueV.
For this choice of parameters, the gate time is estimated to be 7, = 2wh/A.,, ~ 30ns as shown in the main text.

Appendix G: Entangling distant QUEX qubits

In this section we estimate the entangling time between two QUEX qubits connected via a shared microwave
resonator. The entangling pulse sequence described in the main text is given by [34]

V2 V2

Here S;t(¢77') = exp(—iHy 1(g,¢)7/h) are “red” and “blue” sideband transition gates of qubit ¢ generated by the
Hamiltonian [26], [34]

ez = R ( 35 S5 0; (5,08, (V2. DS, (5.0 R

" )i (m.0) (@)

Hy = g ( Foalor + eii‘z’aai) . (G2)

One way to realize this interaction requires driving the qubits with Vcl cos(wpt + ¢) at the qubit transition frequency
wp = wq while the qubits are coupled to the resonator via their electric dipole with strength g, = g» = g. The

interaction Hamiltonian between a single qubit and the cavity in the rotating frame defined by U;; = e—iwpt(alata./2)
neglecting rapidly oscillating terms is

H = Agala+ g (¢%aoy + e 9alo ) + Qo,, (G3)
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with the effective resonator frequency Ay = wp — wres and the Rabi frequency of the qubits Q2 = [gVZA/Ag|. Trans-

forming the Hamiltonian (G3) into a second rotating frame Uy, = e~it(Moa’a+Q0y) and subsequently applying the
rotation U,ey = €/77+/4, one obtains [34]

it =9 [ei¢e—i(Ao—Q)tU+a 4 e ibgi(Bo=Dty oF L e—i¢ei(Ao+Q)tJ+aT 4 eiei(Bot Dty
R igoz(ei%‘mota e ideifotyh) (G4)

Applying the rotating wave approximation for the particular choices 2 = +£4A and neglecting rapidly oscillating terms,
one obtains the Hamiltonian which enables side-bamd transitions. For this second rotating wave approximation
to be valid and therefore minimizing the error, one greatly benefits from the large tunability of the energy gap of the
QUEX qubit.

The qubit-resonator coupling is induced by connecting the center gate to the resonator Vo — Vi (t) = VCO +aVp(a+
a'). Analogously to the procedure for the single-qubit Rabi oscillations (see Sec. , the coupling strength is given by

g = (0| H|1) (G5)

where H depends on Vi via Hy and Hyy,y, and where « is the lever arm between the real applied voltage on the center
gate and the subsequent changes in the potential (B1]), and [29]

Vo = Rires| 22 (G6)
denotes the zero-field fluctuation amplitude of the resonator.

Considering wyes = 10 GHz and using realistic parameters [64] (extrapolated to 10 GHz) we find Vp ~ 70.7 puV.
Assuming o = 0.1meV/mV and )y = 20meV allows us to estimate the qubit-resonator coupling strength g =
271 x 6.4MHz and the Rabi frequency (see Sec. Q = A.,, = 27 x 110MHz. The final gate time [34] is then
T = (3 + \/5) w/g + 27, ~ 339ns assuming a single-qubit z-rotation gate time 7, =~ 5ns. Note that the gate is
performed while operating at the charge noise sweet spot with respect the dipolar detuning . Faster gates can be
achieved by moving away from the sweet spot.
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Appendix H: Higher excitations exchange parameters

In this section we provide all exchange coupling terms for completeness. The explicit expressions are given by

P trtr e trtr e
b2==|—
2 42E1y  4V2E;  4V2(Eiw — Bve)  4V2(Ev.e — Ey)
trtlr* B trt;”* trt;fk B trt;,* (Hl)
4V2E; 4vV2Es  4V2(BEyc—Eg) 4V2(BEvc - Es) )’
P . 7 R I R /T | 1
Y272\ 8B+ Jo—Bve | 8En+Jo—Bve | 8Ei+Jc—Eve 8Es+Jo— Evc
R R R [ 1
8¢ + Jo — Ev,c 8E; + Jo — Ev_]c 8Es + Jo — EV,C 8FEg + Jo — EV,C
BInE BME L VBHE VBuP
8(FE1w0— Evic) 8(E11—Eve) 8(Eve—E,) 8(Evce—Es)
LR VBRE VAP AP 2
8(Ev,c — Es)  8(Evic — Er)  8(Eve —Es) 8(Eve—Eo) )’
o= b (gt s s 0P
22=7|— — + +
2 4(Ei — Eve) 4(En—Eve) 4Eve—Es) 4(Eve—Es)
t/ 2 tr 2 t'r‘ 2 t/ 2
n It ] Itr] It |t ] ) ’ (H3)
4(Bv,c — FEs)  4(Bve—E7)  4(Eve—Es)  4(Evc — Ey)

o NE NEd N NE
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2\ 4E. +Jo—EBve 4Bs+Jc—Eve  4(En —2Eve)  4(2Evc — EBs)

\/gtrt;* \/gm;* \/gm;* \/gm;*
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£ £ £l £
4 r - - 4 - , (H5)
42Eyvec—E;)  4V2(Eye — Ey)  4V2(2FEvc — Er)  4V2(2Ey.c — Ey)
1 t 2 t/ 2 t/ 2 tr 2
J3,32(2 |l| ‘l| |r| | | )7 (HG)
(Ell — 2Ev7c) 2(2Ev)c — E5) 2<2EV,C — E7) 2(2EV7C — Eg)

with the energies F; given in Eq. (A23]).
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