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Overwiev

I effective Hamiltonian
I assumptions
I replacing ~p by ~p − e

c
~A

I monolayer graphene
I Landau levels (energy spectra)
I degeneracy of the eigenstates

I bilayer graphene
I intermediate energies
I trigonal warping
I unified description
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General purpose

Ĥ =
~p2

2m
+ V (~r) → Ĥ = ν~σ · ~p

exp. ↓ verified ↓ ?

Ĥ =
~π2

2m
+ V (~r) → Ĥ = ν~σ · ~π

~π = ~p − e

c
~A
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lB =

√
~c

|e|B
� a

l
B

a
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Ĥ =
~π2

2m
+ V (~r) (1)

Hψ = Eψ ; ψ =
∑

i

ciϕi (~r) (2)

ϕi = ϕ0

(
~r − ~Ri

)
= exp

(
− i

~
~Ri~̂p

)
ϕ0 (~r) (3)

~̂Π = ~p +
e

c
~A ; ~̂π = ~p − e

c
~A (4)

→ ψ̃ =
∑

i

ci ϕ̃i (~r) (5)
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Hij (B 6= 0) =

=

∫
d~r ϕ∗0 (~r)Ĥ (B 6= 0) exp

(
i

~
~Ri
~̂Π

)
exp

(
− i

~
~Rj
~̂Π

)
ϕ0 (~r)

= exp

(
−ie

2~c

(
~Ri × ~Rj

)
~B

)
·

·
∫

d~r ϕ∗0 (~r)Ĥ (B 6= 0) exp

(
i

~

(
~Ri − ~Rj

)
~̂p

)
ϕ0 (~r)︸ ︷︷ ︸

tij (~π)

Hij (B = 0) = tij (~p) =

=

∫
d~r ϕ∗0 (~r)Ĥ (B = 0) exp

(
i

~

(
~Ri − ~Rj

)
~̂p

)
ϕ0 (~r)
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Ĥeff = tij (~π)

while
~π = ~p − e

c
~A

[πx , πy ] =
ie~B

c

π− = πx − iπy (6)

π+ = πx + iπy (7)

with

[π−, π+] = −2|e|~B

c
(8)
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− c

2|e|~B
[π−, π+] = 1 (9)[

b, b†
]

= 1 (10)
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Ĥ =
~p2

2m
+ V (~r) → Ĥ = ~σ · ~p

exp. ↓ verified ↓ ?

Ĥ =
~π2

2m
+ V (~r) → Ĥ = ~σ · ~π
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In the vicinity of K:
ĤK = ν~σ~p (11)

Ĥeff = ν

(
0 π̂−
π̂+ 0

)
= ν

√
2|e|~B

c

(
0 b̂

b̂† 0

)
(12)

b̂ψ2 = εψ1 (13)

b̂†ψ1 = εψ2 (14)

E = ν

√
2|e|~B

c
ε ≡ ν

√
2~

lB
ε (15)
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There is a zero-energy solution with:

ψ1 = 0 (16)

ψ2 = |0〉 (17)

bψ2 = b|0〉 = 0 (18)

b†0 = ε|0〉 = 0→ ε = 0 (19)

applying b† to bψ2 = εψ1 we get

b†bψ2 = ε b†ψ1︸︷︷︸
εψ2

= ε2ψ2 (20)

→ ε2n = n = 0, 1, 2, 3... (21)
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→ ε2n = n = 0, 1, 2, 3... (22)

→ E
(±)
n = ±~ωc

√
n (23)

~ωc =

√
2~ν
lB

(24)
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non-relativistic-electrons

n

E

1/2

equidistant spectrum
ε = ~ω

(
1
2 + n

)
t (~π) =

~π2

2m∗

electrons in graphene

n

E

0

not equidistant spectrum

E
(±)
n = ±~ωc

√
n

t (~π) =

(
0 π̂−
π̂+ 0

)
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Degeneracy

x0 = l2Bky

ky Ly = 2πm

ky =
2π

Ly
m

L
x

L
y

m = 0, 1, 2...

0 ≤ x0 = l2Bky = l2b
2π

Ly
m ≤ Lx

→ m ≤ Lx Ly

2πl2B
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→ m ≤ Lx Ly

2πl2B
; lB =

√
~c

|e|B

mmax = g̃ =
Lx Ly

2π

|e|B
~c

=
A

2π

|e|B
~c

g̃ =
A

2π

|e|B
h/(2π)c

=
Φ

Φ0
; Φ0 =

hc

|e|
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g = 2 · 2 · g̃ ; one factor for K ,K ′

and another factor 2 for the two spin directions:

=>almost the same energy
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R−1xy = ±4

(
|n|+ 1

2

)
e2

~
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Landau levels in bilayer graphene

3 cases:

|E | ≈ |t⊥| high energies

γ23
|t⊥|
t2
� |E | � |t⊥| intermediate energies

|E | ≈ γ23
|t⊥|
t2

low energies
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intermediate energies

γ23
|t⊥|
t2
� |E | � |t⊥| intermediate energies

Ĥ =
1

2m∗

(
0 (p̂x − i p̂y )2

(p̂x + i p̂y )2 0

)
ˆ̃HK =

1

2m∗

(
0 π̂2−
π̂2+ 0

)
π− = πx − iπy =

√
2|e|~B

c
b

π+ = πx + iπy =

√
2|e|~B

c
b†
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ˆ̃HK =
1

2m∗

√
2|e|~B

c

2(
0 b̂2

b̂†
2

0

)

ω∗c :=
|e|B
m∗c

ˆ̃HK =
2|e|~B

2m∗c

(
0 b̂2

b̂†
2

0

)
= ~ω∗c

(
0 b̂2

b̂†
2

0

)
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bilayer monolayer

b2ψ2 = εψ1 bψ2 = εψ1

(b†)2ψ1 = εψ2 b†ψ1 = εψ2

b2|0〉 = 0 ; b2|1〉 = 0

→ g0 = 2
Φ

Φ0

g =
Φ

Φ0
for m ≥ 2
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(
b̂
)2
ψ2 = εψ1(

b̂†
)2
ψ1 = εψ2

(
b†
)2

b2ψ2 = ε2ψ2

b†b†b b ψ2 = ε2ψ2 ;
[
b, b†

]
= 1

b†
(

bb† − 1
)

b = b†b
(

b†b − 1
)
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b†b
(

b†b − 1
)
ψ2 = ε2ψ2

ε = Eν = ±~ω∗c
√

n(n − 1)

For large n� 1:√
n2

(
1− 1

n

)
= |n|

√
1− 1

n
≈ |n|

(
1− 1

2n

)

→ Eν ≈ ±~ω∗c
(
|n| − 1

2

)
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3 cases:

|E | ≈ |t⊥| high energies

γ23
|t⊥|
t2
� |E | � |t⊥| intermediate energies

|E | ≈ γ23
|t⊥|
t2

low energies
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Trigonal warping (low energies)

|E | ≈ γ23
γ1
γ20

= γ23
|t⊥|
t2

Ĥ = ~ωc

(
0 b2 + αb†(

b†
)2

+ αb 0

)

α =
γ3am∗

~2

√
2~c

|e|B
g̃ = 2 · 2 · 4 · g for low enough energies
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K

g̃ = 16 · g = 16 · Φ

Φ0
theoretically

g̃ = 8 · g experimentally
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ν : “filling factor”
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3 cases:

|E | ≈ |t⊥| high energies

γ23
|t⊥|
t2
� |E | � |t⊥| intermediate energies

|E | ≈ γ23
|t⊥|
t2

low energies
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Unified description (higher energies)

|E | ≥ |t⊥|

Ĥ =


0 ν ~π+ t⊥ 0

0 0 0
0 ν ~π−

(...)† 0


t⊥ = Γ

√
2|e|Bν2

c
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ε2n =
Γ2 + 2n + 1

2
±

√(
Γ2 + 2n + 1

2

)2

− n(n + 1)

For Γ = 0 :

ε2n = n +
1

2
± 1

2
For Γ� 1 :

ε2n1 =
n(n + 1)

Γ2

ε2n2 = Γ2 + 2n + 1
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εn2 ≈ ±
[

Γ +
1

Γ

(
n +

1

2

)]
For Γ ≈ 1

Bc ≈ 2

9

( t⊥
t

)2 ~c

|e|a2
≈ 70T
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conclusion

I effective Hamiltonian
I assumptions
I replacing ~p by ~p − e

c
~A

I monolayer graphene
I Landau levels (energy spectra)
I degeneracy of the eigenstates

I bilayer graphene
I intermediate energies
I trigonal warping
I unified description
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