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Repetition

Optical Stark effect of a two-level atom in an electric field

E(t) =
1

2
E(ω)

(
e−iωt + c.c.

)

Interaction with electric field

Hint = −dE(t)

Evaluation of time-dependent coefficients an in

ψ(r , t) =
∑

n

an(t)e
−iǫntψn(r)

Found coupled differential equations;

i~
da1

dt
= −E(t)e−iǫ21td12a2

i~
da2

dt
= −E(t)e−iǫ21td21a1
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Repetition

Only resonant part ω − ǫ21 (rotating wave approximation).

Resonance (ω = ǫ21):

d
2a2

dt2
= −

ω2
R

4
a2 with ωR =

|d21E|

~

Splitting of energy niveaus:

ǫi → ǫi ±
ωR

2

With finite detuning ν = ǫ21 − ω:

ǫ2 → ǫ2 −
ν

2
±

1

2

√
ν2 + ω2

R

ǫ1 → ǫ1 +
ν

2
±

1

2

√
ν2 + ω2

R
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Repetition

Three possible transitions:
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Figure: Splitting of energy levels in a two-level atom in a
resonant electric field [Haug].
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Two-level atom in 2. quantization

Two-level Hamiltonian:

H =
∑

j=1,2

~ǫja
†
j aj −

[
d21E(t)a

†
2a1 + h.c.

]
(1)

with coherent light field E(t) = Epe
−iωpt .

Time-dependency via Heisenberg equations.

Polarization P =
〈
a†
1a2

〉
:

dP

dt
= −iǫP +

id21

~
E(t) (1 − 2n) (2)

Density of upper state n =
〈
a†
2a2

〉
= 1 −

〈
a†
1a1

〉
:

dn

dt
=

i

~
(d21E(t)P

∗ − h.c.) (3)
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Two-level atom in 2. quantization

Neglected Damping ⇒ completely coherent process

Conserved quantity:

K = (1 − 2n)2 + 4 |P |2

with initial conditions n = 0 and P = 0:

n =
1

2

(
1 ±

√
1 − 4 |P |2

)
(4)

density fully described by polarization
(only true for virtual excitations)
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Two-level atom in 2. quantization

Fourier Transformation

P̃(ω) =

∫
dte iωtP(t)

Set of equations in frequency-space

(ω − ǫ) P̃ = −
d21

~
Ep (δ(ω − ωp)− 2ñ(ω − ωp))

(−ω − ǫ) P̃∗ = −
d∗
21

~
Ep (δ(ω + ωp)− 2ñ(ω + ωp))

ωñ =
1

~

(
d∗
21EpP̃(ω + ωp)− d21EpP̃

∗(ω − ωp)
)

Solving homogeneous part:

(ω − ωp)
[
(ω − ǫ)(−ω − ǫ+ 2ωp) + 4ω2

R

]
= 0 (5)
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Two-level atom in 2. quantization

(ω − ωp)
[
(ω − ǫ)(−ω − ǫ+ 2ωp) + 4ω2

R

]
= 0 (5)

Resonant Part (ωp = ǫ):

ω =





ǫ +2ωR

ǫ
ǫ −2ωR

(6)

Finite Detuning ν = ǫ− ωp:

ω =





ǫ− ν +
√
ν2 + 4ω2

R

ǫ− ν

ǫ− ν −
√
ν2 + 4ω2

R

(7)

„Mollow triplet”
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Excitonic Optical Stark Effect
Introduction

Optical Relaxation has short characteristic times in
semiconductors

Examination of coherent effects needs femtosecond laser pulses

Bound states as excitons have longer characteristic times
(picoseconds)

First obeserved in 1980’s
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Excitonic Optical Stark Effect
Configuration

Two time-resolved pulses:

Eprobe

Epump

kp

kt

Figure: Pump-Probe Experiment [Haug].

Strong detuned pump beam

Short probe beam at resonance

Measurement of change in absorption δα = αp − αnp
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Excitonic Optical Stark Effect
Quasi-stationary approximation

Consider only the pump beam
Later: probe beam as perturbation

Semiconductor Bloch equations:

dPk

dt
= −iekPk − (1 − 2nk)ωR,k (8)

dnk

dt
= i

(
ωRk

P∗
k − ω∗

R,kPk

)
(9)

with

~ek = ~
(
ee,k + eh,k

)
= Eg +

~
2k2

2m
− 2

∑

k ′

Vk−k ′nk ′

ωR,k =
1

~

(
dcvE(t) +

∑

q 6=k

V|k−q|Pq

)
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Excitonic Optical Stark Effect
Quasi-stationary approximation

Analogically to two-level atom (same conserved quantity K ):

nk =
1

2

(
1 ±

√
1 − 4 |Pk |

2

)
(10)

Solving Bloch equation adiabatically with E(t) = Ep exp(−iωpt)
and

Pk(t) = pk(t)e
−iωpt ≈ pke−iωpt .

Adiabatic solution:

Pk =
(1 − 2nk)ωR,k

ek − ωp
(11)
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Excitonic Optical Stark Effect
Quasi-stationary approximation

Add weak probe beam Et exp(−iωtt)

Small change in polarization Pk → Pk + δPk :

i
d

dt
δPk = δekPk + ekδPk + 2δnkωR,k − (1 − 2nk) δωR,k (12)

with

δek = −
2

~

∑

k ′

Vk−k ′δnk ′

δnk =
PkδP

∗
k + P∗

k δPk

1 − 2nk

δωR,k =
dcv

~
Ete

−iωt t +
1

~

∑

k ′

Vk−k ′δPk ′
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Excitonic Optical Stark Effect
Quasi-stationary approximation

i
d

dt
δPk = δekPk + ekδPk + 2δnkωR,k − (1 − 2nk) δωR,k (12)

Eliminate time dependence of pump field (Pk = pke−iωpt)

i
d

dt
δpk = δekpk + (ek − ωp) δpk + 2δnkωR,k − (1 − 2nk) δωR,k

(13)

Redefined change in Rabi frequency

δωR,k =
dcvEt

~
e i∆t +

1

~

∑

k ′

Vk−k ′δpk ′ (14)

with ∆ = ωp − ωt .
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Excitonic Optical Stark Effect
Quasi-stationary approximation

Solve with

δpk = δp+
k

e i∆t + δp−
k

e−i∆t (15)

(Pk and nk must be known)

δp+
k

contributes resonant part.
(Only numerical solvable)

→ susceptibility and absorption spectrum
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Excitonic Optical Stark Effect
Quasi-stationary approximation

Figure: Calculated absorption spectrum versus normalized
detuning of (~ωt − Eg )/E0 for a pump detuning
(Eg − ~ωp)/E0 = 10 with Ip = 0, 7.5, 30 MW/cm2 from
left to right [Ell].
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Excitonic Optical Stark Effect
Dynamic results

Now: Take dynamic effects into account.

E(r , t) = Ep(t)e
−i(kp ·r+Ωt) + Et(t)e

−(kt ·r+Ωt)

Bloch equations in linear order (ignore terms O(n · P)):

~

[
i
∂

∂t
− ǫk

]
Pk = (2nk − 1)dcvE(t)−

∑

q 6=k

V|k−q|Pq (16)

~
∂

∂t
nk = i [dcvE(t)P

∗
k − c.c.] (17)
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Excitonic Optical Stark Effect
Dynamic results

Transformation to real space:

i~
∂

∂t
P(r) = HehP(r) + dcvE(t) [2n(r)− δ(r)] (18)

~
∂

∂t
n(r) = i [dcvE(t)P

∗(−r)− c.c.] (19)

Wannier Hamiltonian:

Heh = ǫg −
~

2∇2

2mr
− V (r) (20)

Find equations in orders of the Wannier equations
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Excitonic Optical Stark Effect
Dynamic results

∫
dr ψλ(r)i~

∂

∂t
P(r) =

∫
dr ψλ(r)HehP(r)

+

∫
dr ψλ(r)dcvE(t) [2n(r)− δ(r)]

∫
dr ψλ(r)~

∂

∂t
n(r) =

∫
dr ψλ(r)i [dcvE(t)P

∗(−r)− c.c.]

⇒ equations closed in λ:

i~
∂

∂t
Pλ = ~ǫλPλ + dcvE(t) [2nλ − ψλ(r = 0)] (21)

~
∂

∂t
nλ = idcvE(t)P

∗
λ − idcvE(t)Pλ (22)
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Excitonic Optical Stark Effect
Dynamic results

Eliminate time-dependency of electric field and reduce to
s-functions by Pλ = ψλ(r = 0)e−iΩtpλ.
Introduce damping γ, Γ and wλ = ψλ(r = 0)(1 − 2nλ):

∂

∂t
pλ = [i(ǫλ − Ω) + γ] pλ

+ i
dcv

~

[
Ep(t)e

−ikp ·r + Et(t)e
−ikt ·r

]
wλ (23)

∂

∂t
wλ = −Γ(wλ − 1)− i

2dcv

~

[
Ep(t)e

−ikp ·r + Et(t)e
−ikt ·r

]
p∗
λ

+ i
2d∗

cv

~

[
E∗

p (t)e
ikp ·r + E∗

t (t)e
−ikt ·r

]
pλ (24)
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Excitonic Optical Stark Effect
Dynamic results

Short probe pulse:

Et(t) ≃ Etδ(t − tt)

Measurement in probe beam direction:

∝ e ikt ·r

Now:
Solve pλ for this setting.

Weak probe pulse ⇒ First order in Et

Only first order in pλ ⇒ Need second order in Ep
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Excitonic Optical Stark Effect
Dynamic results

Integration over equation of motion yields:

pλ(t) ≃ i
dcv

~
Ete

−ikt ·re−[i(ǫλ−Ω)+γ](t−tt)wλ(tt−)Θ(t − tt)

+ i
dcv

~
e−ikp ·r

∫ t

−∞
dt ′e−[i(ǫλ−Ω)+γ](t−tt)Ep(t

′)wλ(t
′)

︸ ︷︷ ︸
pλ(t<tt)

(25)

wλ contains a part ∝ e ikt ·r for tt− < t < tt+ .

Polarization shows terms ∝ e i(kt−kp)·r .

⇒ scattering of pump beam in probe direction possible.
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Excitonic Optical Stark Effect
Dynamic results

Same analysis for wλ(t) and recursive inserting provides:

pλ(t) ≃ i
dcv

~
Ete

−ikt ·re−[i(ǫλ−Ω)+γ](t−tt)wλ(tt−)Θ(t − tt)

+ 2
d2
cv

~2
Ete

−i(kt+kp)·rp∗
λ(tt−)

×

∫ t

tt

dt ′e−[i(ǫλ−Ω)+γ](t−tt)e−Γ(t′−tt)Ep(t
′)Θ(t − tt)

− i
2dcv

~

|dcv |
2

~2
Ete

−ikt ·r

∫ t

tt

dt ′e−[i(ǫλ−Ω)+γ](t−t′)Ep(t
′)

×

∫ t′

tt

dt ′′e−Γ(t′−t′′)E∗
p (t

′′)e−[i(ǫλ−Ω)+γ](t′′−tt)Θ(t − tt)

(26)
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Excitonic Optical Stark Effect
Dynamic results

Transformation to Fourier-space:

Pλ(ω) =

∫
dt e iωtPλ(t) =

∫
dt e i(ω−Ω)tpλ(t)

=

∫ ∞

0

dt e i(ω−Ω)tpλ(t + tt)e
−i(ω−Ω)tt

Et(ω) =

∫
dt e iωtEt(t) ≃ Ete

i(ω−Ω)tte−ikt ·r

Calculate susceptibility:

χλ(ω) =
Pλ(ω)

Et(ω)
(27)
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Excitonic Optical Stark Effect
Dynamic results

Slow varying pump beam:

δχλ(ω) ≃ 2
dcv

~

|dcv |
2

~2

1

ω − Ω

∫ ∞

0

dt
|Ep(t + tt)|

2

γ − i(ω − ǫλ)
e−[i(ǫλ−ω)+γ]t

(28)

Differential Absorption:

δα(ω) ≃
|dcv |

4

~4

2

Ω− ǫλ
ℑ

[∫ ∞

0

dt
|Ep(t + tt)|

2

γ − i(ω − ǫλ)
e−[i(ǫλ−ω)+γ]t

]

(29)
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Excitonic Optical Stark Effect
Dynamic results

Constant beam Ep(t) = const.:

δα(ω) ∝ −
|Ep|

2

ǫλ − Ωp

2γ(ǫλ − ω)

[(ǫλ − ω)2 + γ2]2
(30)
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Excitonic Optical Stark Effect
Dynamic results

120 fs Gaussian pump pulse Ep(t) = E0e

(

−
(t−tp)2

2σ2

)

:

-0.4 -0.2 0.2 0.4

-500

500

Figure: Differential absorption versus normalized detuning
(ω − ǫλ)/σ for tt = tp.

28 / 32



Excitonic Optical Stark Effect
Dynamic results

Short pump pulse:
→ Consider whole susceptibility

χλ(ω) ≃ i
dcv

~

1

γ − i(ω − ǫλ)

[
wλ(tt−)

− 2
|dcv |

2

~2

∫ tt

−∞
dt ′ e[i(ǫλ−Ω)−γ](tt−t′)E∗

p (t
′)

×

∫ ∞

0

dt e[i(ω−Ω)−Γ]tEp(t + tt)

− 2
|dcv |

2

~2

∫ ∞

0

dt e i(ω−Ω)tEp(t + tt)

×

∫ t

0

dt ′ e−Γ(t−t′)e−[i(ǫλ−Ω)+γ]t′E∗
p (t

′ + tt)
]

(31)
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Excitonic Optical Stark Effect
Dynamic results
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Figure: Differential absorption spectrum with probe pulse
before pump pulse. Starting from bottom with 500 fs
delay in 100 fs steps [Haug].
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Excitonic Optical Stark Effect
Dynamic results

Figure: Experimental Absorption using 400 fs pulses for
different pump pulse intensities[Schaefer].
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