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Wannier Equation

Wannier Equation including center-of-mass motion

_[PYR PV

2M 2mr + V(T) w(Ra 7’) = Etot'([}(R, ’I’)

(1)

with total Mass M = m, + my,

(KR
Y(R,7r) = WW’“)

plane wave for center-of-mass motion
and eigenvalues
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Exciton and Photon Dispersion
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Figure: Dispersion in CdS [Yu]

3/29



Table of Contents

Introduction

Dielectric Theory
m Polaritons without Spatial Dispersion
m Polaritons with Spatial Dispersion and Damping

Hamiltonian Theory
m Hamiltonian Theory including non resonant Terms
m Microcavity Polaritons

Applications
Summary
[@ References

4/29



Dielectric Theory

e(w) = € [1 + 477)(((“)]

n(r =0 ?
= €0 [1 - 87T|dcv’2 Z h(w TZE;_ Ez|_ En (4)
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Polaritons without Spatial Dispersion

only 1s-excitons (n = 0)

- |tho(r = 0)[?
€(w) = <o [1 _87T|dcv|2h(w—|—i6) —E9+E0] (7)

with RA = 8|dcv|?|1o(r = 0)|? and hwy = E, — E

w=a(1-o=ors) (5)

w — wp + 10

using the Dirac identity lims_,o 1 = P1 + ind(w)
into eigenmode equation c?k? = w?e(w)
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Polaritons without Spatial Dispersion

complex wave number k = k' + ik”

Ak? = We(w) in (9)
2 A
real part w—;o (1 - ) =K% - k"
C W — WwWo
(10)
and
w2€0 .

imaginary part 7 (w — wo) 2K'K" (11)

c2

for w # wg no absorption
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Polaritons without Spatial Dispersion

Dispersion Relation

Polariton Dispersion
w—wo—A  ck ) /
w = (12) <
w —Wwo \/5 3
with "band gap”
wo <w<wy+A 0 : . .
k' clmgn
Ck/ o'lo
W~ (13) . . . o
eo(1+ A/wp) Figure: Polariton dispersion without
spatial dispersion for A/wy = 0.2
for w < wy [Haug]
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Polaritons with Spatial Dispersion and Damping

include photon momentum

e(K,w) =€ (1 — A 5 > (14)

w—wo—gLM—i-ify

eigenmode equation

2K? A
c =w? 11— (15)
hK2 |
€0 W—wo — G + 1Y
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Polaritons with Spatial Dispersion and Damping

Dispersion Relation
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Figure: Polariton dispersion with spatial dispersion and damping for
A/wy = 0.1[Haug]
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Hamiltonian Theory of Polaritons

Preparations

hole operator BT_k L= ks

el. operator aLs = alk,s BLK = ZU"’ —kl|VK>|k7 —k/><0|
el-hole pair operator kK’

kBl = [k, —k) (0] = (kK wK)als",,
exciton operator B:EK = [vK){0| kK

(k,—K'|vK) = /d3rd3r'<k:, —K'|r, 7"V {(r v |vK)
_ /d3rd3rle—ik~reik’~r’eiK~(r+r’)/2,¢V(r B T',)

k+ K
2

— 5K — (k— K], (
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Hamiltonian Theory of Polaritons

Blac = Y0 ~ (o~ &l (55 ) alsle (16)

kK

Exciton Creation Operator

=> ok - K/2)al i, (17)
k
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Hamiltonian Theory of Polaritons

Exciton Commutator

BOOa 00] Z@DO 5 KOk, k’ﬂ ]

k.k'

= Z 1o (k 1 - O‘kak - BT kB—k) (18)

([Boo, Bl o)) = 1 — O(naj) (19)

— boson particle at low densities

Free Excitons

Ho=>_ heyB) By (20)
k
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Hamiltonian Theory of Polaritons

Interaction Hamiltonian

with the wavenumber of the photon ¢
T 1 —iwgt
- Z dey [a%q +kB%q_k5(q)e at 4 h.c}

== Z dev [% gE(@e ™" + h.c.} (21)

k.qv
with
D Usk)Blg =Y Uik (K — a/2)al, B8],
v vk’
= Z 5k:7 kl - Q/2ak118T K q+k (22)

kl
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Field Quantization

- 2nc?h *
A(rt) = () + blu(r)] (23)
kA k
with field
etk
UNe = me)\k (24)

in wave equation

82 2v72 A 82 2
Ereh cV)|A=0 — @b,\k = —wibxk (25)

£(g,t) = —1% — i\/2nhg(by — he)  (26)

C

—
and wy = e
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Hamiltonian Theory of Polaritons

Including non resonant Terms

Interaction Hamiltonian

Hi=ihY_ gug(Bq+ Bl )(b_g — bf) (27)
q

hgvq = devipy(r = 0) \/ 7"-h"‘)q/Q (28)

diagonalized by Hopfield transformation

Pig = Ui1,qBq + Ui2.qbg + ui3qBl 4 +uiagh ,  (29)
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Hamiltonian Theory of Polaritons

Interaction Hamiltonian Il

only resonant terms

Hr=—ih>  gug(Blgbg — h.c.) (30)
q,Vv

Exciton-Photon Hamiltonian

Hop =B Y [ ewgBlqBug + weblby — i > gug(Blgbg — h.c.)
q v v

(31)
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Hamiltonian Theory of Polaritons

Diagonalization

Bogoliubov transformation

Pq = UqBq + vgbq (32)

[pg P = lug|? + [vg|* = 1 (33)

Polariton Hamiltonian
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Hamiltonian Theory of Polaritons

Dispersion Relation

evaluate the commutator [p, Hp|/h = [p, Hyp) /R

Qqpq = Qq(ugBq + vgbq)
= ug(eqBq — igqbq) + vq(w bq + igqBq) (35)

By and bg have to be zero independently

0= (Qq — eq)uq + igqvq (36)
0 = —igquq + (g —wq)vq (37)

solution of linear system of equations with det = 0

Polariton Dispersion

1 1
Qg2 = 5(eq +wa) £ 51/ (eq — wa)? + 43 (38)
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Hamiltonian Theory of Polaritons

Dispersion Relation

2 T T

15 .
S ff"’"“
= 1 p -
c [—
05 O g
[ ——

0 | +|
0 1 2 3

qC/ no€o

Figure: Polariton dispersion from Hamiltonian theory with eq = eg,
492 = A -wq and A/eg = 0.2
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Hamiltonian Theory of Polaritons

Photon and Exciton Contributions

1
Pg =ugBq+uvgbg A .. |
k4 ‘ - 2 |
u 4
Qg1 — wq . | 1|2
U = 0.5 - - - - |V | q
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qC eOnO

Figure: Dispersion of |u;|? and |v;|? for the
upper polariton branch[Haug]
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Microcavity Polaritons

with
z eigenfrequencies

BABton

Bragg mirror
Bragg mirror

2
C T

_ 2

wO,k” - nV L2 + kH

Figure: Microcavity with 2D Quantum well inside
[Kasprzak]

L:A

5 —  E(r,w) = Epsin (%) etk (39)
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Microcavity Polaritons

_ I T
H= hz [eo, B goy Boey + wo,p 0o, Do ke
k

—igk, (Bg,k” b, — h.c.)] (40)

hgk” = dcvw(%D(r = O) \/ ﬂ-ha)o,k” (41)

Dispersion Relation inside Quantum Well

1 1
Q1,2 = 5(eory +wor) £ 5\/(60,k” —wor)® +4g¢,  (42)
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Microcavity Polaritons

Dispersion Relation

! !
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Figure: Microcavity Polariton spectrum [Haug]

tunable coupling

gk” X <A)O,Iﬁ:”

2
7T—Jrkﬁ

c
wo,ky = nV L2
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Application |

Bose-Einstein Condensation of Exciton Polaritons

m ground state
emission

m spontaneous
polarization

m coherence
length

Figure: Far-field polariton emission [Kasprzak]

But: interaction, thus no ideal Bose-gas
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Application Il

Generation of Entangled Photons

DBR cavity ~ $

entangled photons ( . .A
pump & probe

@ exciton @ photon | @ cavity polariton

Figure: Entangled-photon
generation from cavity bipolariton
[Oka]

other applications:
m use long lifetime

®m mediation of e.g. spin
coupling
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Summary

m Interaction between photons and excitons in semiconductor

m Coupling introduces joint dispersion with gab described by
quasiparticles
m Dielectric function
m Microscopic theory
m Properties of quasiparticles
m Distinguish photon and exciton contributions
m Microcavity polaritons
m Left out damping (phonons)
m Applications

m BEC in microcavities
m Generation of entangled photons
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Longitudinal-transverse Splitting

Table: LT Splitting for 1s exciton-polaritons at T' < 4.2 K

Material hAr7 / meV

GaAs ~ 0.1
CdTe ~ 04
ZnSe ~ 1.3

Cds ~ 2(A)
CuCl  5.4—5.7(Zs)

|duc|?
ap

ALT XX (43)

[Schafer and Wegener.Semiconductor optics and transport phenomena. Springer 2002]
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