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Wannier Equation

Wannier Equation including center-of-mass motion

−
[

~
2∇2

R

2M
+

~
2∇2

r

2mr
+ V (r)

]

ψ(R, r) = Etotψ(R, r) (1)

with total Mass M = me +mh

ψ(R, r) =
eiK·R

L3/2
ψ(r) (2)

plane wave for center-of-mass motion
and eigenvalues

Etot = Eg + En +
~
2K2

2M
(3)
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Exciton and Photon Dispersion

Figure: Dispersion in CdS [Yu]

Photon dispersion
ω = ck√

ǫ

Exciton dispersion
ω ∝ k2
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Dielectric Theory

ǫ(ω) = ǫ0 [1 + 4πχ(ω)]

= ǫ0

[

1− 8π|dcv|2
∑

n

|ψn(r = 0)|2
~(ω + iδ)− Eg − En

]

(4)

[

−k2 + ω2

c2
ǫ(ω)

]

Eωe
i(k·r−ωt) = 0 (5)

with Eω 6= 0

Transverse Eigenmodes

c2k2 = ω2ǫ(ω) (6)
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Polaritons without Spatial Dispersion

only 1s-excitons (n = 0)

ǫ(ω) ≃ ǫ0

[

1− 8π|dcv|2
|ψ0(r = 0)|2

~(ω + iδ)− Eg + E0

]

(7)

with ~∆ = 8π|dcv|2|ψ0(r = 0)|2 and ~ω0 = Eg − E0

ǫ(ω) = ǫ0

(

1− ∆

ω − ω0 + iδ

)

(8)

using the Dirac identity limδ→0
1

ω−iδ = P 1
ω + iπδ(ω)

into eigenmode equation c2k2 = ω2ǫ(ω)
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Polaritons without Spatial Dispersion

complex wave number k = k′ + ik′′

c2k2 = ω2ǫ(ω) in (9)

real part
ω2ǫ0
c2

(

1− ∆

ω − ω0

)

= k′2 − k′′2

(10)

and

imaginary part πδ(ω − ω0)
ω2ǫ0
c2

= 2k′k′′ (11)

for ω 6= ω0 no absorption
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Polaritons without Spatial Dispersion
Dispersion Relation

Polariton Dispersion

ω

√

ω − ω0 −∆

ω − ω0
=

ck′√
ǫ0

(12)

with ”band gap”
ω0 < ω < ω0 +∆

ω ≃ ck′
√

ǫ0(1 + ∆/ω0)
(13)

for ω ≪ ω0

0

1

2
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�
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Figure: Polariton dispersion without
spatial dispersion for ∆/ω0 = 0.2
[Haug]
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Polaritons with Spatial Dispersion and Damping

include photon momentum

ǫ(K, ω) = ǫ0

(

1− ∆

ω − ω0 − ~K2

2M + iγ

)

(14)

eigenmode equation

c2K2

ǫ0
= ω2

(

1− ∆

ω − ω0 − ~K2

2M + iγ

)

(15)
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Polaritons with Spatial Dispersion and Damping
Dispersion Relation
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Figure: Polariton dispersion with spatial dispersion and damping for
∆/ω0 = 0.1[Haug]
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Hamiltonian Theory of Polaritons
Preparations

hole operator β†−k,−s ≡ av,k,s

el. operator α†
k,s ≡ a†c,k,s

el-hole pair operator
α†
kβ

†
−k = |k,−k〉〈0|

exciton operator B†
ν,K = |νK〉〈0|

B†
ν,K =

∑

k,k′

〈k,−k′|νK〉|k,−k′〉〈0|

=
∑

k,k′

〈k,−k′|νK〉α†
kβ

†
−k′

〈k,−k′|νK〉 =
∫

d3rd3r′〈k,−k′|r, r′〉〈r, r′|νK〉

=

∫

d3rd3r′e−ik·reik
′·r′
eiK·(r+r′)/2ψν(r − r′)

= δ[K − (k − k′)]ψν

(

k + k′

2

)
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Hamiltonian Theory of Polaritons

B†
ν,K =

∑

k,k′

δ[K − (k − k′)]ψν

(

k + k′

2

)

α†
kβ

†
−k (16)

Exciton Creation Operator

B†
ν,K =

∑

k

ψν(k −K/2)α†
kβ

†
K−k (17)
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Hamiltonian Theory of Polaritons
Exciton Commutator

[B0,0, B
†
0,0] =

∑

k,k′

ψ0(k)ψ
∗
0(k

′)
[

β−kαk, α
†
k′β

†
−k′

]

=
∑

k

|ψ0(k)|2(1− α†
kαk − β†−kβ−k) (18)

〈[B0,0, B
†
0,0]〉 = 1−O(na30) (19)

→ boson particle at low densities

Free Excitons

H0 =
∑

k

~eνkB
†
ν,kBν,k (20)
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Hamiltonian Theory of Polaritons
Interaction Hamiltonian

with the wavenumber of the photon q

HI = −
∑

k,q

dcv

[

α†
1

2
q+k

β†1
2
q−k

E(q)e−iωqt + h.c.

]

= −
∑

k,q,ν

dcv

[

ψ∗
ν(k)B

†
ν,qE(q)e−iωqt + h.c.

]

(21)

with

∑

ν

ψ∗
ν(k)B

†
ν,q =

∑

νk′

ψ∗
ν(k)ψν(k

′ − q/2)α†
k′β

†
q−k′

=
∑

k′

δk,k
′ − q/2α†

k′β
†
q−k′ = α†

1

2
q+k

β†1
2
q−k

(22)
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Field Quantization

Â(r, t) =
∑

k,λ

√

2πc2~

ωk
[bλkuλk(r) + b†λku

∗
λk(r)] (23)

with field

uλk =
eik·r

L3/2
eλk (24)

in wave equation
(

∂2

∂t2
− c2∇2

)

Â = 0 → ∂2

∂t2
bλk = −ω2

kbλk (25)

E(q, t) = −1

c

∂A(q, t)

∂t
= i
√

2π~ωq(bq − h.c.) (26)

and ωq =
cq√
ǫ0
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Hamiltonian Theory of Polaritons
Including non resonant Terms

Interaction Hamiltonian

HI = i~
∑

q

gνq(Bq +B†
−q)(b−q − b†q) (27)

~gνq = dcvψ
∗
ν(r = 0)

√

π~ωq/2 (28)

diagonalized by Hopfield transformation

pi,q = ui,1,qBq + ui,2,qbq + ui,3,qB
†
−q + ui,4,qb

†
−q (29)
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Hamiltonian Theory of Polaritons
Interaction Hamiltonian II

only resonant terms

HI = −i~
∑

q,ν

gνq(B
†
νqbq − h.c.) (30)

Exciton-Photon Hamiltonian

Hxp = ~

∑

q

[

∑

ν

evqB
†
νqBνq + ωqb

†
qbq − i

∑

ν

gνq(B
†
νqbq − h.c.)

]

(31)
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Hamiltonian Theory of Polaritons
Diagonalization

Bogoliubov transformation

pq = uqBq + vqbq (32)

[pq, p
†
q] = |uq|2 + |vq|2 = 1 (33)

Polariton Hamiltonian

Hp = ~

∑

q

Ωqp
†
qpq (34)
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Hamiltonian Theory of Polaritons
Dispersion Relation

evaluate the commutator [p,Hp]/~ = [p,Hxp]/~

Ωqpq = Ωq(uqBq + vqbq)

= uq(eqBq − igqbq) + vq(ω bq + igqBq) (35)

Bq and bq have to be zero independently

0 = (Ωq − eq)uq + igqvq (36)

0 = −igquq + (Ωq − ωq)vq (37)

solution of linear system of equations with det = 0

Polariton Dispersion

Ωq,1,2 =
1

2
(eq + ωq)±

1

2

√

(eq − ωq)2 + 4g2q (38)
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Hamiltonian Theory of Polaritons
Dispersion Relation
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Figure: Polariton dispersion from Hamiltonian theory with eq = e0,
4g2

q
= ∆ · ωq and ∆/e0 = 0.2
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Hamiltonian Theory of Polaritons
Photon and Exciton Contributions

pq = uqBq + vqbq

uq,1 =

√

Ωq,1 − ωq

2Ωq,1 − eq − ωq

and

vq,1 = i

√

Ωq,1 − eq
2Ωq,1 − eq − ωq
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Figure: Dispersion of |ui|2 and |vi|2 for the
upper polariton branch[Haug]
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Microcavity Polaritons

Figure: Microcavity with 2D Quantum well inside
[Kasprzak]

with
eigenfrequencies

ω0,k‖ =
c

n

√

π2

L2
+ k2‖

L =
λ

2
→ E(r, ω) = E0 sin

(πz

L

)

eik‖·r (39)

22 / 29



Microcavity Polaritons

H = ~

∑

k‖

[

e0,k‖B
†
0,k‖

B0,k‖
+ ω0,k‖b

†
0,k‖

b0,k‖

−igk‖(B
†
0,k‖

b0,k‖
− h.c.)

]

(40)

~gk‖ = dcvψ
2D
0 (r = 0)

√

π~ω0,k‖ (41)

Dispersion Relation inside Quantum Well

Ωk‖,1,2 =
1

2
(e0,k‖ + ω0,k‖)±

1

2

√

(e0,k‖ − ω0,k‖)
2 + 4g2k‖ (42)

23 / 29



Microcavity Polaritons
Dispersion Relation
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Figure: Microcavity Polariton spectrum [Haug]

tunable coupling

gk‖ ∝√ω0,k‖

ω0,k‖ =
c

n

√

π2

L2
+ k2‖
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Application I
Bose-Einstein Condensation of Exciton Polaritons

Figure: Far-field polariton emission [Kasprzak]

ground state
emission

spontaneous
polarization

coherence
length

But: interaction, thus no ideal Bose-gas

25 / 29



Application II
Generation of Entangled Photons

Figure: Entangled-photon
generation from cavity bipolariton
[Oka]

other applications:

use long lifetime

mediation of e.g. spin
coupling
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Summary

Interaction between photons and excitons in semiconductor

Coupling introduces joint dispersion with gab described by
quasiparticles

Dielectric function

Microscopic theory

Properties of quasiparticles
Distinguish photon and exciton contributions
Microcavity polaritons
Left out damping (phonons)

Applications

BEC in microcavities
Generation of entangled photons
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Longitudinal-transverse Splitting

Table: LT Splitting for 1s exciton-polaritons at T ≤ 4.2 K

Material ~∆LT / meV

GaAs ≈ 0.1
CdTe ≈ 0.4
ZnSe ≈ 1.3
CdS ≈ 2(A)
CuCl 5.4− 5.7(Z3)

∆LT ∝ |dvc|2
a30

(43)

[Schäfer and Wegener.Semiconductor optics and transport phenomena. Springer 2002]
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