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Introduction & Approach

m Polarization P describes the interaction of an electron with an
electric field £ in a semiconductor

P(w)

Plo) = 37 = X(@)EW) ¢y

m Excitation of an electron from valence band to conduction
band creates an electron-hole-pair

m Coulomb-Interaction occurs between electron and hole



Introduction & Approach

Hamilton Operator includes
m kinetic energy of electrons (holes) Hi,
m interaction between electrons (holes) and electric field H;
m electon-hole-interaction (Coulomb interaction) H¢
H="Hiin+H;+Hc (2)

Dynamics of the system is described via Heisenberg equation of
motion

Py i . P
a5 = L Ph+ {50

t P=(P)=ulpP]  (3)



The Interband Polarization

Classical polarization:
P = 3nger (4)

Quantummechanical polarization is defined as expectation value of
the electric dipole er:

P(r) = / Br (B(r, 1) er (r, 1)) (5)

Change electron field operators ) into different basis by using
Bloch functions:

Za)\k Pk, r) (6)
Equation (5) yields:

= > [ Gl vk er swle) v (K0} ()

A kG k!



The Interband Polarization

P()= > (al,(1) 5A/,k/(t)>/d3f Uik, r) er (k' r) (8)

AN kK

Dipole approximation: only identical k-states in different bands
A # X are coupled.

/d3r w;(k, r) er w)\/(k/, r) ~ 5k,k’d>\)\’- (9)

Concluding in:

P(t) = Z <9J,r\7k(t) ay k(t)) daxv = Z Py k(t) day (10)

ANk ANk



Hamilton Operator: 'H = Hyin + H; + Hc

Kinetic energy Hamiltonian:

Hiin = »_ Exah i ark (11)
Ak

Two band approximation: A\ = valence band v,
A = conduction band c.

Hkin = Z (Ec,ka;k ac k + Ev,ka;k av,k) (12)
k

with single particle energies including effective mass:

Eck = heck = Eg+ 12k /2m.
E,x = he,x = h*k*/2m,



Hamilton Operator: 'H = Hyin + H; + Hc

Electron-electric field interaction:

Hi= [ @b (cer) e(et) () (13)
with electric field
E(r, t) =£&(1) %(exp(iq-r)—i—exp(—iq-r)). (14)

Dipole Approximation: k ~ k' > q ~ 0.
Two band approximation
Inserting Bloch functions in equation 13:

Hy~— Zg(t) (aijk ay k dev + QIJ( ac k d:v> (15)
k



Hamilton Operator: 'H = Hyin + H; + Hc

Electron-hole Coulomb interaction:
1 f f
He=5 D Vadliqahw qavw 0k
k,k/,q5é0,A,)\/

Note: Number of electrons in each band is conserved.
Two band approximation:

1 f f
HC = 5 Z Vq ( ac,k+q ac,k’—q dck’ dck
k.k’,q#0
+ aJr aJr ay k' a
v,k+q “v.k'—q 9v.k' dvk
+2 a:r:,k—l—q a:r/,k’—q dv k' dck )
with the Coulomb potential
_ 4me? 1
a— eol3 g2

(16)

(17)



Heisenberg Equation of Motion

. e . 0P,
il (d(Pd,tk(t») = —([H, 'Dvc,k(t)]> + Ih<( 8,tk(t) _ 0>>

= hleck — €v k) Puck(t) + [nck(t) — nyk(t)] devE(2)
+ 2 ka0 Va (18)

T T
X <<az,k’+q a]L/,k—q dc,k/ aC’k> + <av,k’+q av,k—q av k/ aC7k>
T oot
+<ai,k ac,k’—q dck’ ac,k7q> + <av,k av,k’—q av K/ aC:k*Q>

with particle number
ke = (al ark) (19)



Approximations

Wick's theorem:

(af af ax a) = (a] a)(a] ax) — (a] ax)(a] a)
Particle number
nip = <a:r a’>

Pair function



Approximations

Noninteraction is not allowed: g # 0

<ai,k’+q a:r/,k—q dc,k/ aC,k> =
<a1(;,k’+q a‘3vk/><ajrv,k7q aC,k) 55170 + <a:r:7k/+q aC7k><a:{/7k7q aC,k’> 5k—q,k’

= Py Nek Ok—qk’

Accordingly:

.i_
<at,k’+q dy k—q vk aC,k> ~ Puk N 6k—q,k’
<a]L/k a:r:,k’—q dc,k/ aC,k—q> = _Pvc,k Neck—q 5k,k’

)

<at,k 3I,k/,q ay k’ ac,k—q> ~ —Puck—q Nk Ok K’



Approximation

Coulomb part of the equation of motion simplified:

Z Vg (Puek Nek Ok—qk + Puck My Ok—qk’
k’,q#0

—Pyck Nek—q Okk' — Puck—q Nvk Okk)

= Z Vq('Dvc,qu Ne k + Pvc,k Ny k—q
q#0

_Pvc,k Nek—q — Pvc,k—q nv,k)

= 'Dvc,k Z Vq (nv,k—q - nc,k—q) + Z 'Dvc,k—q Vq (nc,k - nv,k)
q#0 a70



(Simplified) Heisenberg Equation of Motion

equation of motion for interband pair polarization

h (’% - (ec,k - ev,k)) ’Dvc,k(t) =
k() = mo()] (dev(1) + X Vieal Prea)  (20)

with energy shift

€v.k = €Evk — Z V|k—q\ ”v,q/h
a7k

€ck = €ck— Z V\k—q| nc,q/h
q#k



Comparison: Non-Interacting Particles

Interband Polarisation without Coulomb interaction (V, = 0)

myk(t) = fik

for a quasi-equilibrium.

d
h |:Idt - (Ec,k - €v,k):| P\?C,k(t) = [fc,k — fv,k]dcvg(t)
Solved by Fourier transformation:
dCV
W= (GC,k - Ev7k))

P(t) = ) Puk(t)d +cec.

k

dw fk_fk .

—— |dey|? = ~ E(w) e ™t +c.c.
Zk:/27T e h(w = (eck = €v,k)) )

’D\(/)c,k(w) = [fC,k_ fv,k] h( E(w)

P(t)




Wannier Equation

Assume an unexcited crystal, i.e.:

fc,k = 0
fok =
Equation of motion:
72 k?
[hw — Eg — 2rn:| PV‘:,k(W)

<dcv5 ‘|‘ka ql Pveq(w )>

q#k

with reduced mass including effective masses:

(21)



Wannier Equation

Change from momentum space k into real space r with Fourier
transformation

fq = L13/d3r f(r)e”'q'r

yields

272

V)| Presr) = ~da()o(0) 1. @2

m,

Homogeneous part of the equation is called

Wannier equation

B [h2V$

2m,

+vm]wm:a%m (23)



Wannier equation

m Wannier equation is identical to Hydrogen Atom problem

m Solved accordingly by splitting v, into radial and angular parts:

% = wn,l,m(r) = n,l(r) Y/7m(97 (b) (24)

m Y, (0, ¢) is given by spherical harmonics

m Calculation of f, ;(r) reveals exciton energy states E,



Excitons

Radial part is given by
(1628 A1 I(I+1)

p20p" Op p 4 p

with
m Scaled radius p = ra where a®> = —(8m,E,)/h? and E, < 0

m )\ =2/(apc) where ag = (h%¢p)/(e?m,) semiconductor Bohr
radius

m Eigenvalues of angular momentum operator /(/ + 1)

m Quantumnumber v,y is given by vpmax +/+1=n



Excitons

exciton bound state energies

1
E,,:—EO? neN (26)
with the energy unit
e*m,
Ey = 27
0 2212 (27)
Vmax N/ ‘ fn,/(p) = CPIe_p/2 Zy Bup” E,
0 1 0/ fio(r)=ay>?2e 1/ E = —E
1 2 0 f270(r) = (230)73/2(2 — r/ao)e*’/ao E, = —E0/4
0 2 1 fé’l(r) = (280)_3/2(r/(\530))6_r/a° E = —E0/4-

normalized radial wavefunctions



Excitons

exciton wavefunction for bound states

3 n—/[—1)!
wn,/,m(n 97 ¢) = _\/_ (%%) W
x ple=r/2 L?,If,l(/)) Yi.m(0,¢) (28)

g y n+l

m scaled radius p = 2r/(nap)



lonization Continuum

Bound states have been found for negative energies E,, < 0

Exciton binding energy is less than bandgap energy E, < Egap

E, > 0 describes unbound (ionized) states

Continuum occurs in conduction band



Excitons

exciton wavefunction for ionized states

T/}k,l,m(ra 9> ¢) = ((2/ )1 er mIAl/2 \/R|>\| 257,rnh2(7rp\|) Hjl':o(jz+ |>‘|2)

< efikrF(/ + 1+ ,|)\‘, 2/ +2; 2/kr) Yl7m(07 ¢)

with
)= —//(aok)
m confluent hypergeometric function
F(a,b,c) = F(I+ 1+ i|X]; 2] + 2;2ikr)

mR— o



Optical Spectra

Solutions from the Wannier equation can provide complete solution
for the polarisation

PVC(rvw) = Z bﬂ/h(")‘ (29)
In equation of motion:
h*v; 5
hw - Eg + 2m + V(r) 'DVC,k(raw) - _dcvg(a/')(s(r) L

Z by[lw — Eg — E, ] /d3r1/1/j(r)1/)y(l’) = —dcvg(w)d,z(r =0) JE

so that
. deL3'¢;(r = O)

S hw—E,—E, ¢ ) (30)



Optical Spectra

3*r_
Ze %ii(gwm) (31)

with Fourier transformation into momentum space yields

=28 J@E_;/&W”wu (32)

Fourier transformation of general Optical Polarization is expressed
as:

P(w) = Y (Pev(@)due + Pl j(—w)dc) (33)

k



Optical Spectra

with £*(—w) = £(w) and
/ Pryy(r) Y e = / &ri, (120360 = 2030, (r = 0)  (34)
k

the Optical Polarization in frequency space resutlts in

P(w) = —2L°% " |de[’[th(r = 0)]?E(w)

« 1 (35)
hw—E;—E, hwtEg+E,



Susceptibility

electron-hole-pair susceptibility

x(w) = —2|dof? Z |thu(r = 0)[?

. 1 (36)
ho—E, —E, hotE +E,

with

x(w) = m



Optical Spectra

Susceptibility for / =0 and m = 0 gives

o 2lde)? 1 E
M) = R [Zn"‘ﬁw —E - E,
1 xe™/x Eo
T3 /dx sinh(7/x) hw — Eg — Egx? (37)
So that with A
a(w) = (W) (38)

npC



Absorption Coefficient

Elliott formula

,n.eﬂ/\/z
sinh(ﬂ/\/ﬁ)

fuww

5 (39)

aw) = a0’ |3 T5(A +1/m) +6(A)

n=1

with
A = (hw — Eg)/Eo (40)



Optical Spectra
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Figure: Band edge absorption (left: schematic, right:calculated)



Results

m Coulomb interaction reveals quasi particles: Excitons

m Polarization wavefunctions derivable with hydrogen atom
solutions

m Wafefunctions include bound states in bandgap and continuum
in conduction band

m Calculation of electron-hole pair susceptibility and absorption
coefficient possible
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